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Abstract
The transcendental equation with three unknowns involving distinct integer solutions. A few properties between the
surd represented by the Diophantine equation solutions and special figurate numbers are presented.

YxZ+y2=z"® is considered for its patterns of non-zero
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Notations
tye = 2 CTips=6s(s+1) +1
R €Ty, =7s(s+1) +1
py=20CRD CTies=8s(s+1)+1
pi = CTigs=9s(s+1) +1
PS = @ CTyos=10s(s +1) + 1
ST.,=6s(s—1)+1 cty, =52+ (s —1)?
Pr,=s(s+1)

Introduction

Diophantine equations have an unlimited field of research by reason of their variety. Most of the Diophantine problems are
algebraic equations [1,2]. In [3-18], the integral solutions of transcendental equations involving surds are analysed for their
respective integer solutions. This communication analyses a transcendental equation with three unknowns given by

3 ¥2+ x2 = z° . Infinitely many non-zero integer triples (x, ¥, z) satisfying the above equation are obtained. A few properties
between the solutions and special figurate numbers are presented.

Method of analysis
The transcendental equation involving surds to be solved is

YT al=z )
The introduction of the transformations

x =m(m? +n?),y = n(m® + n?) )
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in (1) leads to
m? + n? = z6 = (z3)2

which is in the form of Pythagorean equation satisfied by
m=2rsn=r>—5s52r=s5=0

and
z23=r?452

Note that (5) is satisfied by
r=R(R?+5%),5s=S(R?+5%)

and
z=(R*+5%)

Substituting (6) in (4), one has

m=2RS(R*+5%)2,n=(R*-S*)(R*+S%)*,R=5=0

In view of (2), observe that

x = 2RS(R? + §%)8, )
y= (RZ _52)(}?2 +52)8

Thus, (7) and (9) represent the integer solutions to (1)

A few relations between the solutions and special figurate numbers are presented in Table 1 below.

Table 1: Relations
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®)

(4)

®)

(6)

()

®)

©)

R Relation
. x 5
5(5+1) 5= 4F;
(5+1) s %=8t35+1
3x
R R—-1 &= STs—1
X 9
35 5 pr i 65°,a nastynumber
5 X 3
5-—-1 5 5= 12P7,
x r
S+1 s =128
9 5 . X+Y¥ 9
5= 5 3 |4(t5)" — P } = 65, a nastynumber
X
S+ 1) 5 Z8=CTas—1
X
45+1) 5 ;:CTlE,J—l
X
x i
7(5+1) s 5= 2(CTas— 1)
x i
95+ 1) 5 = 2(CTgs— 1)
3(5+ 1) s Z}—B — tigs =9(mod25)

Employing the integer solutions of (1), a few relations among the special polygonal and pyramidal numbers observed are

presented below:
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() Ctyppr =43, +1
2 2 2 418
o (2 +(2) - (2)
Lyx—1 Lzy Lzz+
12p5 2 P 2_ BPZ_,
(iii) (srxﬂ—l) +(rgo.) _(prz_g )
2 542 s 12
. 4pg ) (P}.) _ (zpz_l)
v + =\
() (Cf.t._xﬂ—l (2R fyz-1

Note 1:
Substituting (7) in (3) and employing the method of factorization, define

18

m+in = (R +i5)°

On equating the real and imaginary parts, it is seen that
m=R®—15R*S?+ 15R?5* - 5% = f(R,S),
n= 6R°S—20R?*S*+ 6RS° = g(R,S)

In view of (2), observe that
x=f(R.OIS(R )+ (g(R. $)*].
y=gRIFR.* + (g(R, 5))’]

Thus, (7) and (11) represent the integer solutions to (1).

Note 2:
Apart from (2), the cube root on the L.H.S. of (1) may also be eliminated on choosing

x = (m?® - 3mn?),y = (3m*n—n?)

and the resulting equation is (3). In this case, the corresponding values of x, y are given by
x = f(R.SI(f(R, 5))* —3(g(R.5)?],
y=g(RIB(f(R.5))* — (g(R.5))*]

Note 3:
Write (3) as

mi+ni=2%+1

Assume 1 on the R.H.S. of (12) as

1= (p°—q +i2pg)(p°—q°-i2pq)
c-p3+q3:|3
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(10)

(1)

(12)

(13)

Substituting (7) and (13) in (12) and following the procedure as in Note:1, a different set of integer solutions to (1) is obtained.

Conclusion

In this paper, an attempt has been made to obtain non-zero distinct integer solutions to the transcendental equation with three
unknowns involving surd represented by the equation in title. The researchers in this field may search for other choices of

integer solutions to the considered surd equation.
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