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Abstract 

Distance is observable, but the effective cost of secondary-

school access in dispersed rural settlements is shaped by 

barriers that are partly hidden in enrolment and attendance 

flows. This study develops an entropic inverse optimal 

transport framework that recovers latent generalized access 

costs from origin–school flow matrices while respecting 

learner totals and school capacities. The model combines 

network distance with river crossings, road condition, safety 

exposure, transport fares and household–school 

compatibility. Existence, uniqueness, Sinkhorn 

representation, invariance, parameter identifiability, stability 

and accessibility bounds are established. A reproducible 

synthetic experiment with 24 settlements, five schools and 

1,230 capacity-weighted places demonstrates the method 

without representing simulated observations as field 

evidence. The full inverse model reduced Kullback–Leibler 

flow error from 0.38579 for a distance-only specification to 

0.00431 and recovered standardized barrier coefficients with 

an Euclidean error of 0.3157. River crossings and transport 

fares produced the largest non-distance penalties. A soft-min 

accessibility index translated the recovered cost surface into 

settlement priorities. Counterfactual transport subsidies and 

a hostel reduced both average and upper-tail generalized 

costs, whereas a candidate school-placement rule exposed 

an equity efficiency trade-off. The framework therefore 

converts routinely available origin–destination counts into 

interpretable planning evidence, while explicitly separating 

structural inference from causal claims. Field validation, 

uncertainty quantification and participatory specification 

remain necessary before operational allocation. 

Keywords: Inverse Optimal Transport, Rural Education, Sinkhorn Algorithm, Latent Access Costs, School Planning, 

Accessibility Equity 

Introduction 

Secondary-school access is rarely governed by straight-line or road-network distance alone. Two learners living equally far 

from a school may face substantially different effective costs because one must cross a seasonal river, travel on an unreliable 

road, pay several fares, walk through an unsafe corridor or combine schooling with household responsibilities. These barriers 

are difficult to observe at scale and are commonly collapsed into distance bands. The resulting maps can therefore describe 

proximity while misrepresenting feasible access. 

The distinction is especially important in dispersed rural settlements. Sparse demand, irregular transport, limited school 

capacity and seasonal infrastructure create a many-origin, few-destination allocation problem. School-selection and attendance 

flows contain information about this allocation: repeated avoidance of a geographically close school is evidence of an 

unmeasured cost, provided capacity, cohort size and alternative destinations are accounted for. Conventional gravity and 

discrete-choice models exploit flows, but they do not automatically enforce both origin totals and destination capacities. 

Optimal transport supplies precisely that constrained geometry [1-4]. 

Entropic optimal transport adds a strictly convex entropy term to the transportation problem. Its solution is smooth, unique and 

computable by matrix scaling through the Sinkhorn algorithm [3, 5, 6]. These properties make the forward map differentiable and 

hence suitable for inversion. Instead of assuming a cost matrix and predicting school flows, inverse optimal transport observes 

flows and estimates the cost parameters that make them optimal under the marginal constraints. Recent inverse-transport 

studies show that latent costs can be learned from matching or mobility data [7-10], but educational planning has not 
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yet fully used this structure to distinguish visible distance from river, safety, fare and household barriers. 

The educational relevance extends beyond mathematical fit. Village-based schools can reduce access barriers [11], and transport 

interventions can materially affect secondary enrolment [12]. Rural policy also recognises the joint importance of roads, 

transport, services and household welfare rather than treating distance as an isolated constraint [13]. A useful planning model 

should therefore recover a multidimensional cost, quantify uncertainty and permit counterfactual comparison of school 

placement, transport subsidies and hostels. It must also avoid a common interpretive error: a recovered cost is an 

observationally equivalent generalized barrier, not by itself a causal effect. 

This article contributes a unified mathematical and planning framework. First, it formulates rural school access as a capacity-

constrained entropic transport problem with observable and latent cost components. Second, it proves existence and uniqueness 

of the forward plan, gives its Sinkhorn factorization, identifies the row–column potential ambiguity, states a usable 

identifiability condition, derives the inverse gradient and establishes stability of recovered parameters and accessibility indices. 

Third, it defines settlement-level soft generalized costs and an equity-sensitive intervention objective. Fourth, it illustrates the 

entire pipeline in a transparent simulation calibrated to the scale and spatial logic of dispersed settlements. The objectives are 

to determine when latent barriers can be recovered, evaluate whether the full model outperforms distance alone, and show how 

recovered costs can inform interventions without overstating empirical validity. 

 

Materials and Methods 

Let the set of settlements be  and the set of secondary schools be . The vector  contains the 

shares of eligible learners at origins, and  contains normalized school capacities. Both sum to one. A transport plan 

 records the share of learners from settlement  assigned to school . Feasible plans belong to the transportation 

polytope: 

 

  (1) 

 

The marginal constraints are substantive. The first preserves the cohort represented by each settlement; the second prevents the 

model from assigning unlimited learners to an attractive school. Where capacity is not binding,  may instead be estimated 

from observed enrolment or extended through an unbalanced formulation. This article uses balanced transport because it 

exposes the central inverse problem cleanly. 

For each origin–school pair, let  denote standardized feature . The feature tensor includes distance, river-crossing 

exposure, poor-road exposure, safety exposure, transport fare and a household–school compatibility measure. The latter varies 

across both origin and destination; a purely origin-specific household term is not identifiable from a balanced plan because it is 

absorbed by a row potential. The generalized cost is linear in the first implementation, 

 

  (2) 

 

Nonnegative coefficients are imposed for features coded as barriers. Interactions, splines or neural cost maps can replace the 

linear form, but the linear specification keeps the recovered weights interpretable and permits direct identifiability analysis. 

Distance is standardized and its coefficient is fixed at one. This normalization is essential because  and the entropy parameter 

can otherwise be multiplied by the same positive constant without changing the kernel ratios. 

Given , the forward entropic transport plan solves: 

 

  (3) 

 

The inner product is Frobenius. Small  concentrates mass on low-cost routes, while larger  represents greater unobserved 

heterogeneity and yields smoother flows. The parameter is therefore not merely numerical; it controls the scale at which 

observed deviations from minimum-cost allocation are treated as heterogeneity rather than systematic barriers. 

Lemma 1 (existence and uniqueness of the forward plan): If  and  are strictly positive probability vectors and  is finite, 

then for every  the forward problem has a unique solution , and every entry of that solution is strictly positive. 

Proof: The transportation polytope is nonempty because , and it is closed and bounded in finite-dimensional space, 

hence compact. The objective is continuous on the polytope after extending  continuously at zero. Existence follows from 

the Weierstrass theorem. On the positive orthant, the entropy contribution has diagonal Hessian entries , so the 

objective is strictly convex along every nonzero feasible direction. Consequently two distinct minimizers cannot exist. Finally, 

the derivative of  tends to negative infinity as  approaches zero. Because the marginals are strictly positive, a 

feasible cycle perturbation can move mass into any zero cell while preserving both marginals and strictly decrease the 

objective. Thus the unique minimizer is positive.  

Proposition 1 (Sinkhorn representation): Define the positive Gibbs kernel by: 

 

  (4) 

 

There exist positive scaling vectors  and , unique up to a reciprocal scalar, such that: 
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  (5) 

 

Proof: Introduce multipliers  and  for the row and column constraints. Stationarity of the Lagrangian gives 

. Hence . Substitution of the marginal constraints yields 

the two scaling equations. Positivity of  and the matrix-scaling theorem give existence and uniqueness up to , 

 [5]. 

The scaling equations yield the Sinkhorn iteration: 

 

  (6) 

 

Where  denotes componentwise division. Log-domain updates should be used when costs are large relative to . Iteration 

stopped when the maximum absolute marginal residual was below  or after 10,000 iterations. 

Lemma 2 (row–column invariance): For arbitrary vectors  and , replacing  by  does not change the 

optimal plan. 

Proof: For every feasible , 

 

  (7) 

 

Which is constant over . The two optimization problems therefore differ only by a constant and have the same unique 

minimizer.  

Lemma 2 is central to responsible interpretation. A hardship feature that varies only by settlement cannot be recovered from 

one balanced origin–destination table: it adds the same value to every route leaving that settlement. Likewise, a destination-

only prestige term is absorbed by a column potential. Identification requires route variation or information outside the fixed 

marginals, such as attendance rates, rejected applications or longitudinal changes. 

Let  be the row–column potential space, and let  denote orthogonal projection onto its 

complement. Write . 

Theorem 1 (identifiability modulo potentials): Fix  and the coefficient scale. If the matrices  are linearly 

independent, then  implies . 

Proof. By Proposition 1, 

 

  (8) 

 

If , subtracting the two representations shows that  equals a row potential plus a column potential and thus 

belongs to . Applying  gives . Linear independence forces every coefficient difference to be zero.  

Corollary 1. A feature matrix lying in  is not identifiable from a single balanced flow matrix, regardless of sample size or 

optimization accuracy. 

Let  denote the observed flow matrix after confidentiality-preserving aggregation and, if necessary, iterative 

proportional fitting to common marginals. Define the entropy-conjugate value: 

 

  (9) 

 

The inverse estimator minimizes the convex discrepancy: 

 

  (10) 

 

This objective is a Fenchel–Young loss. It is nonnegative up to an additive constant and equals zero at a perfectly represented 

plan when . The regularizer stabilizes correlated barrier features rather than replacing the structural identifiability 

condition. 

Proposition 2 (inverse gradient and moment matching): For a linear cost and interior parameter point, 

 

  (11) 

 

If  and the optimum is interior, fitted and observed feature moments agree:  for every identifiable 

feature. 

Proof: The maximizer defining  is unique by Lemma 1. Danskin’s theorem therefore gives the derivative of  as 

. Differentiating the remaining terms gives the displayed gradient. The moment equations follow by setting the 

unregularized gradient to zero.  
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Theorem 2 (unique and stable regularized estimator): Suppose  is closed and convex and . Then  has at most one 

minimizer. If minimizers based on feasible flow matrices  and  are interior, then: 

 

  (12) 

 

Proof: The conjugate value is convex as a supremum of affine functions of , and composition with a linear cost preserves 

convexity. Adding  makes the objective -strongly convex, proving uniqueness. Let . Strong 

monotonicity of the gradient and the two first-order conditions imply , where . 

Cauchy–Schwarz and cancellation of  give the bound.  

To translate pairwise costs into a settlement indicator, define the soft generalized access cost: 

 

  (13) 

 

And the unit-free accessibility score . The log-sum-exp form rewards access to several feasible schools rather 

than only the nearest one. The capacity weights discourage an interpretation in which a small school offers unlimited access. 

Theorem 3 (robustness of the accessibility index): For any two finite cost matrices  and , 

 

  (14) 

 

Proof: Let . Then . Exponentiation, capacity-weighted summation and application of 

 preserve the corresponding bound . 

Corollary 2: Uniformly accurate route-cost recovery implies uniformly accurate settlement accessibility: 

. 

For policy design, let  encode an intervention and  its modified cost matrix. A planner may minimize a combination of 

population-weighted mean cost, upper-tail deprivation and inequality, 

 

  (15) 

 

Where  is a weighted Gini index,  is the weighted 90th percentile and  is the set of interventions satisfying budget 

. The weights  and  are normative and must be stated, not estimated from flows. 

Proposition 3 (marginal value of a route subsidy): If an intervention reduces route  by subsidy , then the derivative of 

 with respect to that subsidy is negative and equals the soft assignment share, 

 

  (16) 

 

Proof: Substitute  into the definition of  and differentiate the log-sum-exp expression. The fraction is positive and 

sums to one over destinations, proving monotonicity and giving the exact local benefit. 

The empirical workflow requires: geocoded settlement and school identifiers; eligible-learner or attendance totals by origin; 

destination capacities; an origin–school flow table; and route features measured for the same time window. River and road 

variables should be season-specific when access changes across the year. Safety data should use privacy-preserving spatial 

aggregation. Fares should measure the complete journey rather than a single vehicle leg. Household information should be 

included only with ethical approval and aggregation sufficient to prevent re-identification. 

The numerical illustration used 24 synthetic settlements in a 60 km by 45 km region, five schools, positive origin masses 

generated from 28–77 learners and destination capacities proportional to 230–265 places. A seasonal river divided the region. 

Six route features were scaled to . The data-generating coefficient vector was  and . 

A positive multiplicative perturbation was applied to the generated plan and rebalanced to the same margins, mimicking 

aggregated sampling and reporting noise without creating impossible totals. The inverse model fixed the distance coefficient at 

one, constrained all barrier coefficients to  and used . Optimization used L-BFGS-B with the analytic gradient. 

The simulation seed was 863. 

Model fit was assessed by Kullback–Leibler divergence, cellwise root-mean-square error and settlement-level top-school 

agreement. The full model was compared with a distance-only model and the known oracle. Entropy sensitivity used 

. Policy scenarios reduced fare exposure for the eight least-accessible settlements, introduced a 

hostel effect at School 4, or added a 12% capacity school selected from a predeclared 48-point grid by mean-plus-inequality 

score. These are mechanism demonstrations, not forecasts. 
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Results and Discussion 

Fig 1 displays the synthetic spatial system. Settlement marker size represents learner mass, colour represents recovered soft 

generalized cost and triangles locate existing schools. High-cost settlements are not simply the most distant: the river and 

route-specific barriers alter the effective surface. This is the central practical reason for inversion. A map based only on 

kilometres would assign the same policy meaning to geographically similar routes even when their observed allocations 

consistently differ. 

 

 
 

Fig 1: Synthetic settlements, schools, river barrier and recovered generalized access cost. Marker size is proportional to the settlement 

learner share 

 
Table 1: Variables and their mathematical roles 

 

Quantity Meaning Planning interpretation 

 Origin learner share Size of eligible cohort in settlement  

 Destination capacity share Available places at school  

 Observed flow share Enrolment or regular-attendance movement 

 Route feature Distance, river, road, safety, fare or compatibility 

 Recovered coefficient Generalized penalty per standardized feature unit 

 Entropy scale Unobserved heterogeneity and plan smoothness 

 Soft generalized cost Settlement-level accessibility burden 

 

The recovered coefficients were close to the data-generating values (Table 2 and Fig 2). The coefficient error was 0.3157 in 

Euclidean norm. River crossing remained the largest non-distance barrier, followed by fare and poor-road exposure. The slight 

downward shrinkage is expected from regularization and correlated route features. Importantly, the household term was 

constructed as a household–school compatibility interaction. Had it been constant across schools for each origin, Corollary 1 

would make it unrecoverable even with noiseless data. 

 
Table 2: Recovery of standardized barrier coefficients 

 

Barrier Data-generating value Recovered value Absolute error 

Distance (scale fixed) 1.0000 1.0000 0.0000 

River crossing 1.6500 1.3810 0.2690 

Poor-road exposure 1.1000 0.9782 0.1218 

Safety exposure 0.8000 0.7128 0.0872 

Transport fare 1.3000 1.2306 0.0694 

Household–school compatibility 0.7000 0.6691 0.0309 

 

 
 

Fig 2: Data-generating and recovered standardized barrier coefficients 
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The distance-only model achieved 87.5% top-school agreement, which could appear acceptable if evaluated only by the modal 

destination. Its distributional fit was nevertheless poor: Kullback–Leibler divergence was 0.38579 and cellwise root-mean-

square error was 0.007867. The full inverse model reduced these values to 0.00431 and 0.000806, respectively, while matching 

the top school in all settlements. Its divergence approached the oracle value of 0.00409. Thus distance captured the broad 

spatial ordering, but not the allocation intensities from which capacity and policy decisions are made. 

 
Table 3: Flow reconstruction performance 

 

Model KL divergence Cellwise RMSE Top-school agreement 

Distance only 0.38579 0.007867 87.50% 

Full inverse model 0.00431 0.000806 100.00% 

Oracle cost 0.00409 0.000822 100.00% 

 

Fig 3 shows that the gain was not a graphical artefact. Predicted and observed cells clustered near the equality line under the 

full model. Sensitivity analysis also revealed a U-shaped pattern: , the generating value, minimized divergence and 

coefficient error among the tested values. At , the plan was too concentrated and forced coefficients to compensate; at 

, excessive smoothing again distorted the cost scale. Entropy should consequently be selected by held-out flows, 

repeated time periods or a substantively justified heterogeneity scale, not solely by computational convenience. 

 

 
 

Fig 3: Flow reconstruction and sensitivity to the entropy parameter 

 

The intervention calculations illustrate how latent costs can change decisions. The baseline population-weighted mean soft cost 

was 1.8509, the weighted 90th percentile was 2.2773 and the weighted Gini was 0.2262. A fare subsidy focused on the eight 

least-accessible origins reduced all three measures. The School 4 hostel produced a larger mean and upper-tail reduction and 

also lowered inequality in this realization. The candidate school lowered inequality to the same level as the hostel but slightly 

increased the mean and upper tail after capacities were rebalanced. This is not a contradiction: shifting 12% of destination 

capacity to a new site benefits isolated settlements while slightly reducing the capacity weight of existing schools used by 

many learners. The example demonstrates why placement should be judged against an explicit social objective rather than a 

distance-minimizing rule. 

 
Table 4: Counterfactual planning indicators 

 

Scenario Weighted mean cost Weighted 90th percentile Weighted Gini 

Baseline 1.8509 2.2773 0.2262 

Targeted transport subsidy 1.8193 2.2345 0.2103 

Hostel at School 4 1.7479 2.1976 0.2093 

Equity-oriented new school 1.8598 2.3181 0.2093 

 

These policy values are dimensionless because the input features were standardized. For budgeting, one coefficient should be 

anchored to a monetary or time unit. If the distance coefficient is calibrated as cost per kilometre, every other coefficient can 

be expressed as a kilometre-equivalent penalty. A recovered river coefficient of 1.3810 would then mean that, over the 

observed choice set and conditional on included features, a full-scale river exposure has the same allocation effect as 1.3810 

standardized distance units. This is a structural equivalence, not a claim about psychological valuation. 

The framework offers three advantages over a nearest-school indicator. First, it respects competition for finite places. Second, 

it distinguishes route barriers through the features required to rationalize actual flows. Third, it produces differentiable policy 

metrics. Proposition 3 identifies where a small subsidy has the highest immediate accessibility return, while the objective  

makes distributional preferences transparent. These properties connect mathematical estimation to operational planning. 

Several limitations delimit the claims. The experiment is synthetic and establishes numerical behaviour under controlled 

conditions; it does not estimate barriers in any named community. Observational flows conflate constrained choice, 

information, perceived school quality, language, social networks and administrative placement. Omitted school-quality 

variables may therefore appear as transport costs. Capacity records may themselves reflect policy decisions and should not 

automatically be treated as exogenous. Balanced transport ignores learners who never enrol or attend; unbalanced transport or 

an explicit outside option is needed when exclusion is a central outcome. Cross-sectional inversion does not identify causal 

effects of subsidies or hostels. Those effects require longitudinal variation, natural experiments or randomized designs. 
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The proofs also clarify data-design priorities. More observations do not solve a structural invariance. Origin-only hardship, 

destination-only attractiveness and common cost shifts cannot be separated from balanced margins without additional 

information. Repeated seasons can help because river and road exposure vary while settlement identity remains fixed. 

Application and rejection data can help distinguish preference from capacity rationing. Attendance-frequency flows can reveal 

barriers hidden by annual enrolment. Participatory route audits can validate whether a high recovered residual corresponds to a 

real crossing, fare, safety concern or omitted educational attribute. 

For a field study, uncertainty should be reported through a cluster bootstrap over settlements or time blocks. Each bootstrap 

sample must repeat marginal construction, feature scaling, entropy selection and inverse estimation. Spatial cross-validation 

should hold out contiguous areas rather than random cells, because nearby routes share infrastructure. Model comparison 

should include distance-only, gravity, multinomial choice and inverse transport baselines. A barrier should be regarded as 

decision-relevant only when its sign is stable, its predictive gain persists out of sample and local stakeholders recognize a 

plausible mechanism. 

 

Conclusion 

This study formulated secondary-school access in dispersed rural settlements as an inverse entropic optimal transport problem. 

The approach infers a multidimensional generalized cost from origin–school flows while preserving learner totals and school 

capacities. The mathematical analysis established a unique positive forward solution, its Sinkhorn scaling form, the row–

column invariance that limits interpretation, an identifiability criterion, a differentiable inverse loss, regularized stability and 

robust soft-accessibility bounds. 

In the reproducible simulation, distance alone recovered the dominant school for most settlements but failed to reproduce the 

full flow distribution. Adding river, road, safety, fare and household–school interaction features reduced Kullback–Leibler 

error by almost two orders of magnitude and recovered the latent barrier ordering. Counterfactuals showed that a targeted 

transport subsidy and a hostel could reduce average, upper-tail and unequal access, while school placement could involve an 

explicit equity–efficiency trade-off. 

The principal contribution is therefore not a claim that flows reveal every hardship. It is a disciplined method for stating which 

barriers can be inferred, which are observationally confounded and how recovered costs can enter transparent planning 

objectives. The next research step is field validation using seasonally resolved attendance flows, verified capacities, route 

audits and intervention data. With those safeguards, inverse optimal transport can complement not replace community 

knowledge in school placement, subsidy targeting and hostel planning. 

 

Recommendations 

Education authorities should construct privacy-preserving origin–school flow matrices at term level and link them to 

contemporaneous road, river, safety and fare data. Distance should remain a benchmark but not the sole accessibility measure. 

Capacity figures should be audited before fitting a balanced model, and an outside option should be included where non-

enrolment or irregular attendance is substantial. 

Model implementation should fix a cost scale, test feature independence after removing row and column potentials, select  

using temporal or spatial validation and report sensitivity across plausible values. Recovered coefficients should be translated 

into time, monetary or kilometre-equivalent units only after an external anchor is supplied. Policy rankings should report mean, 

upper-tail and inequality outcomes separately. 

Planning decisions should combine model outputs with route inspections and structured consultation with learners, caregivers, 

school leaders and transport providers. Subsidies should be evaluated for take-up and reliability; hostels should be assessed for 

safeguarding, staffing and recurrent cost; and new schools should be compared with flexible transport and satellite provision. 

Prospective pilots or phased implementation are recommended before scale-up. 
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