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Abstract 

This study introduced real life application of second order 

differential equation. We basically discussed about different 

types of differential equation and the solution of second 

order differential equation and application of second order 

differential equation in different field of science and 

technology using MATLAB. 

The problem of existence of periodic solution is studied for 

the second order delay differential equation with a 

singularity of repulsive type: 

 

  
 

Where  and  are constants, 𝑔(𝑥) is singular at 𝑥 = 0, 𝜑 

and ℎ are 𝑇 − periodic functions. By using a continuation 

theorem of coincidence degree theory, a new result on the 

existence of positive periodic solutions is obtained. The 

interesting is that the sign of function𝜑(𝑡) is allowed to 

change for𝑡 ∈ [0, 𝑇]. The study followed applied analytical 

approach and reached the most important results.  

The system is modelled by the second – order linear non-

homogeneous differential equation  

with initial conditions  and . The general 

solution consists of two distinct components 

. 

 substituting  into the equations gives 

exact values for the coefficients: A= - 0.9615, B= 0.1923, 

, , The final time-domain solution 

is: . 

▪ Initial state (t = 0): The displacement starts at  

while the initial velocity y’(0)=5 causes an immediate 

positive movement. 

▪ Damping Phase  The system’s natural damping 

(damping factor = 5) quickly suppresses the exponential 

terms. 

▪ Long – term state : The system synchronizes 

entirely with the external driving force, oscillating 

strictly as a sine wave with amplitude 

 and frequency . 

We recommend that researchers conduct further research on 

solutions to these differential equations using MATLAB and 

other software to solve and plot them. 
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Introduction 

The aim of this paper is to search for positive 𝑇−periodic solutions for second order delay differential equation with a 

singularity in the following form: 

 

  
 

Where  and  are constants, 𝑓: [0, ∞) → 𝑅 is an arbitrary continuous function, 𝑔 ∈ 𝐶((0, +∞), (0, +∞)) and 𝑔(𝑥) is singular 

of repulsive type at 𝑥 = 0, i.e., 𝑔(𝑥) → +∞, as𝑥 → 0+, 𝜑, ℎ: 𝑅 → 𝑅 are 𝑇 −periodic with function ℎ ∈ 𝐿1([0, 𝑇], 𝑅), 𝜑 ∈ 𝐶([0, 

𝑇], 𝑅), while the sign of function 𝜑 being changeable for 𝑡 ∈ [0, 𝑇] [1]. 

Ordinary differential equations of second order, whose coefficients remain constant throughout the equation are a class of 

equations that frequently arise in many branches of mathematics and physics, making them of fundamental importance in 

understanding and predicting physical phenomena. These equations have a wide range of applications in areas such as 

mechanics, electromagnetism, and quantum mechanics [3]. 

We examine the oscillatory behavior of all solutions of the second-order linear neutral differential equation with a damping 

term: 
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Where 

 

  [4]. 

 

Mathematical equations involving functions and all the associated derivatives are known as differential equations. They 

display a function's variability for a specified independent variable. When it comes to systems and procedures involving rates 

of change, these equations serve as the cornerstone. The order of the largest derivative of a differential equation is used to 

categorize the equations [6]. 

Differential equations (DEs) have received a lot of attention, and it is an active research area among scientists and engineers. 

The DEs have ability to formulate many complex phenomena in various fields such as biology, fluid mechanics, plasma 

physics, fluid mechanics, and optics; many exact and numerical schemes have been being derived such as [5]. 

  

Definitions: 

▪ A second-order differential equation for y = y(x) is linear if it can be expressed in the form: 

 

  
 

Where a(x), b(x), c(x) and f (x) are given continuous functions, and a(x) is not equal to the zero function. 

▪ A linear second-order differential equation is said to be constant-coefficient if the functions a(x), b(x) and c(x) are all 

constants, so that the equation is of the form: 

 

  
 

Where  

▪ A linear constant-coefficient second-order differential equation is said to be homogeneous if f (x) = 0 for all x, and 

inhomogeneous otherwise [8].  

(a) f and g are continuous in region V of (x, y, z) – space which contains the cuboid: 

 

  
 

Where h, k are non- negative constants, 

(b) f and g satisfy the following Lipschitz conditions at all points of V: 

 

  
 

  
 

Where A and B are positive constants,  

(c)  
 

Where 

 

  [7]. 

 

A second – order equation  

We now use the solution  to the problem consisting of the differential equation: 

 

  (1) 

 

Together with the initial conditions: 

 

  (2) 

 

(Note that y and  are both given at the same point ) 

A problem of the type given by (1) taken together with ‘initial conditions’ (2), when a solution is only required for . Is 

called an initial value problem (IVP)- the variable x can be thought of as time (and customarily is then re-named t). 

The trick is to convert (1) to the pair of simultaneous equations: 
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  (1') 

 

(the first equation defining the new function z). Corresponding to (11) we have: 

 

  (2') 

  

We, of course, require certain restrictions on : 

 g is continuous on a region V of -space which contains: 

 

  
 

Where h, k are non-negative constants. 

 g satisfies the following Lipschitz condition at all points of V: 

 

  
 

Where B is a constant. 

Theorem 1: When the restrictions ,  are imposed, then, for some , there exists, when , a solution to 

the problem consisting of the second – order differential equation (1) together with the initial conditions (2). The solution is 

unique amongst functions with graphs lying in V. 

It will be necessary, in particular, to check that  satisfies a Lipschitz condition on V and that an h can be found so 

that (c) can be satisfied. We should note that the methods of this section can be extended so as apply to the nth-order equation: 

 

  
 

When subject to initial conditions: 

 

  
 

We conclude our present discussion of the second-order equation by considering the special case of the non-homogeneous 

linear equation: 

 

  (3) 

 

Where , , ,  are continuous on ,  for each x in , and the equation is subject to the initial 

conditions: 

 

  (4) 

 

Theorem 2: There exists a unique solution to the problem consisting of the linear equation (3) together with the initial 

conditions (4). 

As continuity of the function: 

 

  
 

Is clear, the reader need only check that this same function satisfies the relevant Lipschitz condition for all  in . Note that 

the various continuous functions of x are bounded on . 
(No such condition as (c) is here necessary, nor is the graph condition of Theorem 1). 

By and large, the differential equations that appear in these notes are linear. It is of special note that the unique solution 

obtained for the equation of theorem 2 is valid for the whole interval of definition of that linear equation. In our other 

theorems, although existence is only given ‘locally’ (for example, where  and ), solutions are often valid in 

a large domain. Often the argument used above to establish uniqueness in a limited domain can be used to extend this 

uniqueness to wherever a solution exists [7]. 

 

𝐋𝐞𝐦𝐦𝐚 1: Let 𝑥 be a continuous 𝑇 −periodic continuous differential function. Then, for any 𝜏 ∈ (0, 𝑇], 
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In order to study the existence of positive periodic solutions, we list the following assumptions. 

[𝐻1] The function 𝜑(𝑡) satisfies the following conditions: 

 

  
 

[ ] there are constants 𝑀 > 0 and 𝐴 > 0 such that 𝑔(𝑥) ∈ (0, 𝐴) for all 𝑥 > 𝑀; 

[ ]  

[ ]  

  

Lemma 2: Let  and  be two positive continuous functions on  and . Then the differential inequality: 

 

  (5) 

 

Has an eventually positive solution if and only if the equation: 

 

  (6) 

 

Has an eventually positive solution. 

 

Example 1: mass-spring problem 

For example, Let’s solve a forced damped mass – spring problem given by a 2nd Order ODE: 

 

  (7) 

 

With the initial condition  and . 

  

Solution ways: 

1) Solution by MATLAB: 
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We start by transforming the equation into two 1st-order ODEs. Let’s use the variables: 

 

  
 

  
 

  (8) [2]  

 

2) Forward Euler: 

Then, let’s solve numerically using the forward Euler method. Recall that the recursion formula for forward Euler is: 

 

  (9) 
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Where . 

Let’s solve using  and with a step size of . 

We can compare this against the exact solution, obtainable using the method of undetermined coefficients: 

 

  (10) 

 

  
 

 
 

Since the method is only first-order accurate, we see both qualitative and quantiative differences compared with the exact 

solution, but the overall solution agrees. We can use more-accurate methods to better-capture the exact solution. 

 

3) Heun’s Method 

For schemes that involve more than one stage, like Heun’s method, we’ll need to implement both stages for each 1st-order 

ODE. For example: 
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As expected, the numerical solution using Heun’s method agrees much more closely to the exact solution (vs. forward Euler), 

though we can still see some error due to the relatively large step size. 

 

4) Runge-Kutta method 

We can also solve using the 4th-order Runge–Kutta method available through the function, by providing a function that defines 

the system of first-order ODEs. 

Since there are technically two variables being integrated (  representing y, and  representing y′), the solution object 

contained in sol y will be a two-dimensional array. 

The first column, sol.y , will contain y and the second column, sol.y , will contain y′. We are typically mostly interested 

in the solution to y. 
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5) Backward Euler for 2nd-order ODEs 

We saw how to implement the Backward Euler method for a 1st-order ODE, but what about a 2nd-order ODE? (Or in general 

a system of 1st-order ODEs?) 

The recursion formula is the same, except now our dependent variable is an array/vector: 

 

  (11) 

 

Where the bolded y and f indicate array quantities (in other words, they hold more than one value). 

In general, we can use Backward Euler to solve 2nd-order ODEs in a similar fashion as our other numerical methods: 

1. Convert the 2nd-order ODE into a system of two 1st-order ODEs. 

2. Insert the ODEs into the Backward Euler recursion formula and solve for . 

The main difference is that we will now have a system of two equations and two unknowns: 

 and . 

Let’s demonstrate with an example: 

 

  (12) 

 

Where the exact solution is: 

 

  (13) 

 

To solve numerically, 

1. Convert the 2nd-order ODE into a system of two 1st-order ODEs:  

 

 
 

 (14) 

 

Then, for the derivatives of these variables: 

 

 
 

 (15) 

 

2. Then plug these derivatives into the Backward Euler recursion formulas and solve for  and . 

 

  
 

  
 

  
 

  (16) 

 

or, represented as a product of a coefficient matrix and a vector: 
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  (17) 

 

  
 

To isolate  and get a usable recursion formula, we need to solve this system of two equations. We could solve this by hand 

using the substitution method, or we can use Cramer’s rule: 

 

  
 

  
 

Let’s confirm that this gives us a good, well-behaved numerical solution and compare with the Forward Euler method: 
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So, for Δt = 0.1, we see that the Forward and Backward Euler methods give an error O(Δt), as expected since both methods are 

first-order accurate. Let’s see how they compare for a larger step size: 
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Backward Euler, since it is unconditionally stable, remains well-behaved at this larger step size, while the Forward Euler 

method blows up. 

One other thing: instead of using Cramer’s rule to get expressions for y1,i+1 and y2,i+1, we could instead use built-in linear 

algebra routines to solve the linear system of equations at each time step, using the function  

To do that, we could replace it with: 

 

 
 

Let’s confirm that this gives the same answer: 
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Results 

1. Key components of the solution: The system is modelled by the second –order linear non-homogeneous differential 

equation  with initial conditions  and . The general solution consists of two 

distinct components . 

2. Exact result for driving frequency:  substituting  into the equations gives exact values for the 

coefficients: A= - 0.9615, B= 0.1923, , , The final time-domain solution is: 

. 

3. Physical Behavior Breakdown: 

▪ Initial state (t = 0): The displacement starts at y(0)=0 while the initial velocity y’(0)=5 causes an immediate positive 

movement. 

▪ Damping Phase : The system’s natural damping (damping factor = 5) quickly suppresses the exponential 

terms. 

▪ Long – term state : The system synchronizes entirely with the external driving force, oscillating strictly as a 

sine wave with amplitude  and frequency . 

 

Recommendations 

1. If the equation is not separable but fits the form , use the integrating Factor method. 

2. When using , remember that . Simplifying this early makes the rest of the product rule 

integration much easier. 

3. As , does your solution behave realistically? For example, in Newton’s Law of Cooling, the temperature should 

approach the ambient temperature, not infinity. 
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