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Abstract

In this study, we define a new subclass of starlike and coefficients and solve Fekete-Szegd problem for this newly
convex univalent functions defined in the open unit disk of defined class.

the complex plane. Here, we give some upper bounds for the
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1. Introduction
In this section, we give some basic information which we will use in our study.

Let H{I7} be the class of analytic functions in the open unit disk I = {z & €:]z] = 1} of the complex plane . By 4, we will
feH(U)

denote class of the functions given by the following series expansions:

f(z2)=z+ a2 + a;2® + ayz* + +a, 2" +=z+ 2% _,a,z",a, €C (1.1)

It is clear that the function / €7 (v) belonging to the class 4 satisfies the conditions f{0} = 0 and f (0} = 1.

The subclass of univalent functions of 4 is denoted by 5 in the literature. This class was first introduced by Kéebe [' and has
become the central object of study in geometric function theory. Later, many mathematicians became interested in coefficient
estimates for this class. Within a short period, in 1916 Bieberbach ™ published a paper in which the famous coefficient
hypothesis was proposed. This hypothesis states that if f € 5 and has the series form (1.1), then la, | = n for each n = 2. This
coefficient hypothesis is known as the Bieberbach conjecture in the literature. In 1985, it was de-Branges [*!, who settled this
long-lasting conjecture. There were a lot of papers devoted to this conjecture in the literature (see #'4).

It is well known that the starlike and convex function classes in the open unit disk U are denoted by 5 and € and defined
analytically as follows, respectively:

S*={feS: Re(zf'((zz))J>O,zeU},C= feS: Re (Z?'Eg), >0,zelU

Let’s f.g € H(I7}, then it is said that f is subordinate to g and denoted by f = g, if there exists a Schwartz function c, such
that f(z) = glelz)).

In the past few years, numerous subclasses of the class 5 have been introduced and studied, as special choices of the classes 5~
and € (see for example [+ % 10. 1525

2. Materials and Methods

Throughout this section and further on, we always make use the classical definitions of quantum concepts as follows.
The § —mumbers and g —factorials are defined, respectively by:
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1-q" — -
o= lta+e g =355 g € (0),n e

[n]g = 1

It is well known that in the standard approach to the g — calculus g — exponential function defined as follows:

. 0<lg|<1,

Z|<—
<

S [1-(-q)q"z]

) lim[#] =n li 1=n! lime =¢°
It is clear that rﬁl[ L and qlgll[n]q " Also, 1-1 )

Now we define new subclass of univalent functions defined in the open unit disk /.

1
A>— - . . . . et ) .
Definition 2.1: For q€(0=1), Be[01] *7 7 and 1€ C {0} the function / €5 is said to be in the class (7.2 Bre; ), if the
following condition is satisfied:

()
/(2)

1 -
+ fB41+— —-1|r=<e,zelU

(1- B) 1%[

In the cases £ = 0 #=1and A =1 from the Definition 2.1, we have the following classes of univalent functions.

1
A>— ~ . . . . * et . .
Definition 2.2: For ¢ 6(0’1), 7 and T € C—{0} the function / €5 is said to be in the class ° (T’ A, ), if the following
condition is satisfied:

1 z2(/' ()

1+—

7| f(2)

1
A>= ~ . . . . et ) . .
Definition 2.3: For 9 6(0’1), 2 and T € C—{0} the function / €5 is said to be in the class C(T’A’e'f ), if the following

condition is satisfied:

Definition 2.4: For < (0=1), Bel01] and 7€ C—{0} the function / €5 is said to be in the class Z(T’ Bie, ), if the following
condition is satisfied:

(1-;;){“%{%_1}% i ‘Z(ﬁ((zz))) ~1|t<e. zeU

In addition, in the case ¢ I” from the Definition 2.1, we have the following class of univalent functions.

1
A>= - . . . . et . .
Definition 2.5: For # 6[0’1], 2 and T€ C—{0} the function / €S is said to be in the class % (T’ 4 Pre ), if the following
condition is satisfied:

YV z( f(z T
(1-5) 1+%[%1} +p 1+% %1 <e,zel

Let P be the class of analytic functions in U satisfied the conditions # (0) =1 and Re(p (Z)) >0, zeU It is clear that the
functions that satisfy these conditions have the following series expansion:
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ao
pl(z)= 1+ pz+p,z2°+pz +--= 1+Z pz,zelU
n=1 (2.1)
The class P defined above is known as the class Caratheodory functions in the literature [2°,
Now, let us give some necessary lemmas for the proof of our main results.

Lemma 2.1 (7). Let the function 2 belong to the class P. Then,
p”| <2 foreach 1 € I, |p” fvpkp,kk| <2 for ™ kell, n>kandv e[(),l].
The equalities hold for the function:

Lemma 2.2 (?7) Let the analytic function # be of the form (2.1), then:

2p, = pf +(4—pf)x

4p, = p| +2(4—pf)plx—(4—Pf)Plx2 +2(4—pf)(1—|x|2)y

For some XY € © with | < Tand |3 <1

In this paper, we give some coefficient estimates and solve Fekete-Szegd problem for the class # (T”l’ﬂ " ) Additionally, the
results obtained for specific values of the parameters in our study are compared with the results obtained in the literature.

3. Results and Discussion

In this section, we give some coefficient estimates for the functions belonging to the class # (T’)L’ﬂ ;eé) and solve Fekete-Szego
problem for this class.
First of all, we give the following theorem for coefficient estimates.

Theorem 3.1: Let the function / given by series expansions (1.1) belong to the class (T’}” B ) Then, we have the following
upper bound estimates:
i

NEE)

2

and
Iaal<¢{l f alg.r. 1 p)sL
(32-1)(1+28) |a(q.t. 2. B) if a(q.t.A. B)>1, o
Where,
a1, )- |(2AL2 f4&+1)(1+3[)’)(1+g)rf(2/171)3(1+ﬁ)3|

(22-1)" (1+ )

Proof: Let / €% (2 Bie; ), then exists Schwartz function @ :U — U | such that

R [(zf’(z))']
(1-5) 1+ 1 Mfl +f 11 = 1|;=¢", zeU
| f(2) o f'(2)
(3.2)
Let’s the function 2 € P defined as follows:
l+a . i
p(z)= L(Z): 1+ pz+p,z°+ pz 4= 1+anz”, zelU
1-o(z) o (3.3)

It follows from that:
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3

a)(z):p(z—)_l:&z+l(p2 —%;Jzz +%(pj - PP +%st +yzelU

p(z)+1 2 2 (3.4)
From the (3.2) and (3.4), it can be written that:
]' 2 2 2
(1—ﬁ){l+;[a2(2&—1)z+((3ﬁ—1)as+(2A —42+1)a?)z +}}
+ﬂ{l+i[2m(2&—1)2+(3(3A—1)a§+4(2/12—4A+1)af)22+---}}
T - -
:lJr&erl ZPQ*LPE 22 zelU
By equating the coefficients on the left and right sides of the equality (3.5), we get:
T T
2A-1)(1+ B)a, = — p,; thatis a, =
(RA-1)(1+ B) =3 s tatis & 2241+ 5)" (3.6)
(33,1)(1+2ﬁ)a3+(2/124A+1)(1+3ﬁ)a§=5(2p2ipr

Using Lemma 2.1 to the equality (3.6), we have the first result of theorem.
Now let's find an upper bound estimate for the coefficient “3. From the equality (3.7) using the expression for % (see (3.6)), we
can write the following equality for the coefficient %s:

a, = 2

. , (22 -4241)(143B) (L g) T+ (24-1) (14 8)
“TaGA )(2p)| P (24-1) (1+ B) (1+¢) '

(3.8)
Applying Lemma 2.2 to the equality (3.8), we can write:

(227 ~42+1)(1+3p) (1+q) T —(22-1) (1+ §)

T
2

mmhwﬂx (@) () 1) 4

For some x € C with |x| <1 Then, we have:

i

] = 4(3&—1)(1+2ﬁ)[a(

q.7. 2 B) +(4=pf )& |,

Where, ¢ = |x|, r= |p1| and,

2

a(q,7,2 ﬁ)|(2/12—“~+1)(1+3ﬁ)(1+q)f-(z,1_1)2(1+ﬁ) |
o (Lra)(22-1) (1+B)

Later, by maximizing the function ®:%* = E defined as follows, with respect to <.
p(&1)=a(q.7. 4B +(4-1")& £e[01]. 1e]0.2],

We have,
o(&.1)<[a(q.7.2.8)-1]F +4, 1€[0.2]

From here, it is easily to see that p(&.r)<4 ifa(qfr’ﬁ“ ﬂ) =1 and ¢(§’f) < 4a(r,/l,ﬂ) ifalg.7.4B)21
With this, the proof of second inequality of (3.1) is provided.

Thus, the proof of the theorem is completed.

In the case A = 0, A=l A=1andd 1" from the Theorem 3. 1, we obtain the following results, respectively.
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(rﬁ,e)

Corollary 3.1: If fes then:

if a(q,r,/l)

|T| <1,
.| < T3a-1 :
24A-1and a(g.t,A) if a(q.t.2)=1,

(22 -44+1)(1+ g)r-(22-1)]
(24-1)

a(q.7,A)=

Corollary 3.2: it/ € C(T Le, ) then:

|a |SL and |a,| < L if b(g.7.2)<1,
17 2(22-1) "7 3(34-1) |b(g.1, A) if B(g.T,A) 21,

Where,

(222 -42+1)(1+ g)7 - (22-1)’|

b(%f”l): (2/1_1)2

Corollary 3.3: If /e Z(T”B; G ), then:

7| {1 if ¢(q.7.p) <1,
(

|a2|Sl|L| and |a3|S

+f 2(1+28) |e(q.7.B) if c(q.7.B) =1,
Where,
. |(1+3ﬂ)(1+q)r+(1+ﬂ)2|
c(g.7.p)= T p)

Corollary 3.4: i/ x(m 4B e:), then:

|a|< || d|a|£¢{l Zfd( ﬂ)S,
A " M (1228 a(e ) 1 a2 )21,
Where,
d(n&ﬁ)_|2(2,124/1+1)(1+3ﬁ)r(2,11)‘(1+/3)—|

(24-1)' (1+ )’
Now, we give the following theorem on the Fekete-Szegd problem for the class # (r.hpre,)
Theorem 3.2: Let / €#(725:¢) g L E C , then:

|a, — e < 7 {1 if (q.0. 4. B ) <1,
3 2=

(BA-1)(1+2D) |1(g,7, 4, B p)if 1(q. 7,2, B, 1) =1, (3.9)

Where,

(24-1) (14 8) ~(1+q)[ (22 —4/'.+1)(1+3[)’)+(3/’.—1){1+2[)’);1:[r|
(1+q)(24-1) (1+ B)
Proof, Let / € %(nA45:€]) Then, from the equality (3.7) the expression — pa; can written as follows:

Hg.t, A, B u)=
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a, — pa

L | (247 -4a+1)(1+3p) , r ,
3_[ (1-32)(1+2p) " az+4(M_1)(1+2ﬂ)(2p2—ﬁ4

Applying the first equality of Lemma 2.2 to this equality and considering equality (3.6), we get:

J(amp?)es (22-1) (1+ ) ~(1+q)[ (2 —4A+21)(1+3€)+(3ﬂ—1)(1+Zﬂ)y}rplz
(1+¢)(22-1) (1+ )

(3.10)
For some x € C with F1<1,
Then, using the triangle inequality to the equality (3.10), we have:
|a - ua; SLX
PUIT4GBA-1)(1+2p)
(22-1)" (1+ B) ~(1+9)[ (24 —42+1) (1+38)+ (32-1)(1+25) |
xi(4-1*)é+ s ) @1 (12 ) IS
(1+q)22-1) (14 G.11)

Where, g= |x| and ! = |p1 |
£

Maximizing the expression on the right side of the inequality (3.11) with respect to the variable >, we obtain the following

inequality:

d

4(32-1)(1+28)

[/(g.0. 4. B. ) -1]7* + 4}, r[0.2]

5
‘aj —uas| <

Where,

|(24-1) 1+ B) ~(1+9)[ (247 ~44+1)(1+30)+ (32 -1)(1+2) 1|

g4 fopt) = (1+q)(24-1) (1+ )

Also, maximizing the function P:10,2] = = defined as follows:

l//(r) = [I(T,i,ﬂ,,u)— 1]!2 +4, 1[0,2]
We can easily see that ¥ (1) =4 if /(7.4 B 1) <1 g w (1) <41(q.7. 2, B ) i 1(q.7. 2. B, p1) 21
Thus, the proof of theorem is completed.

In the case £ = 0 p= 1, A=1land9 =1 from the Theorem 3.2, we obtain the following results.

Corollary 3.5: £/ =5 (£.2€) and 1 € C, then:

) l7| |1 7 I,(g.7. A, ) <1,
|aj—,ua2|S2/1 ol _
3A-1l(g.7. A ) if 1,(q.7. A pt) 21,
Where,
24-1) (1 2% —42+1)+(34-1
lo(q,r,/l,,u)=|( ) —( +6])[( +1)+( )ﬂH

(1+q)(24-1)

Corollary 3.6: it/ € C(T”t e;) and ¥ € C_ then:

2
‘as—;mz‘ﬁ

|T‘ 1 'ff‘ fl(q:r:’lvﬂ)éla
33A-1) L (g.7. A ) if L(g. T, A1) =1,

Where,
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4(22-1) ~(1+9)[ 4(227 - 42+1)+3(32-1) ||

(g7 A p)= 4(1+¢)(22-1)

Corollary 3.7: lff c2(.5.¢) and ¥ € C_ then:

Lz{l if L(q.r.B.u)<1,
(1+28) |L(g.7.B.u) if L(g.7.p.u)=1,

2
‘as — Hd, ‘ <
Where,

‘(1+ﬁ)2 (1 q)[(143B)-2(1+28) ] r‘
(1+¢)(1+ B)’

]E(Q:r:ﬁ:/u):
Corollary 3.8: If / € Z(25:€) gnd 1L E C, then:

2
‘aj—,uaz‘g

L 1 {'f f;(r,i,ﬁ,,u)él,
(3’1_1)(1"_2)8) é(‘i’,ﬂ.,ﬁjﬂ) !'f ]s(raflaﬁ,ﬂ)kl,

Where,

(22-1) (1+ B) =2[(24° =42+1)(1+35) +(32-1) (1+2) ||

L (2.2 B.pt)=
(2 2.5.) 2(24-1) (1+ g)

Taking #=0 and #=! in the Theorem 3.2, we obtain the following results, respectively.

Corollary 3.9: If / € 274 B ), then:

‘ﬁ"< ‘T‘ {1 ff f4(q,r,ﬁ,ﬁ,ﬂ)£1,

3 _(31—1)(1‘1‘2;3) &(q,r,ﬁ.,ﬁj;;) gf‘ -‘?4(%T,ﬁ,ﬁ,,u)21,
Where,

]4(q,r,,1”3:ﬂ):‘(2/1_1)2(1+ﬁ)2_(1+Q)[(212—4/1+1)(1+3ﬁ)]r

(1+g)(22-1) (1+ Y
Corollary 3.10: 1t fe2(nA e ), then:

‘ 2

a —a ‘<L 1 ¥ L(g.t,A.B) <1,
T GBA-)(1+28) | (gt A B) if L(q.r. A )=,

Where,

(221 (1+ B)" ~(1+9)[ (24 - 42+1)(1+38) + (34-1)(1+25) ||

(1+¢)(2A-1) (1+ )’

i(qg.t.A,B)=

Remark 3.1: As can be seen that Corollary 3.9 confirms the second result of Theorem 3.1.
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