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Abstract 

Continuing with the Author’s created Omega Factor (OF) 

convolution for Anisotropic Analytic Model (AAA) 

radiotherapy research/improvements, a number of equations 

with their mathematical-geometrical development are 

improved/reviewed with analytic geometry calculations. 

Subject to breast cancer radiotherapy, 3D Isodoses detailed-

graphics are presented for beam-modification Treatment 

Planning Optimization TPO with wedge filters (WF). 

Results for 3D Isodose-zone graphics for [z = 5, 15 cm], 

based on all these algorithms/software, are for OF-corrected 

AAA model at 18 Mev photon-beam. 3D Isodose charts, in 

Type 1 [Vertical 3D Isodoses], and Type 2 [Horizontal 3D 

Isodoses are presented] in contrast to classical 2D Isodoses. 

These 3D Isodoses radiotherapy simulations software are 

explained through the 3D graphics series elaboration. TPO 

applications with WF, and beam modification devices in 

general, for breast tumors are shown. 

Keywords: Omega Factor (OF), Radiation Dose, Attenuation Exponential Factor (AEF), Simulations, Nonlinear Optimization, 

Matrix Algebra, Spherical-Spatial Analytical Geometry, Organ at Risk (OAR), Multi-Leaf Collimator (MLC), Wedge Filter 

(WF), Conformal Wedge Filter, Anisotropic Analytic Model AAA, Intensity Modulated Radiotherapy (IMRT), Intense 

Modulated Protontherapy (IMPT), Fluence Factor (FF), Treatment Planning Optimization (TPO), Breast Tumor (BT), 

Computarized Thomography (CT) 

1. Introduction and Objectives 

Together with lung tumors, breast cancer shows the highest incidence/prevalence in developed countries. However, the 

ethiology and pathological causes for these two tumors types are different. While toxicity and tobacco plays the most important 

cause for lung cancer, breast one is hormone-dependent [9.1-9.4]. Additionally, survival time shows high difference in favor of 

breast tumors. The radiation therapy treatment for breast tumors has improved during recent clinical investigation times [1-20, 73, 

74], towards getting minimum dose-highest efficiency, and minimal surgery invasion/resection. Optimal radiotherapy treatment 

dose delivery is usually a rather difficult conformal 3D operation, Imaging-guided and on-time controlled by CT in 3D also [74].  

Therefore, the innovations of this study are two. Firstly, the mathematical demonstration of Omega Factor is proven with sharp 

equations. Secondly, the research presents a 3D Isodoses graphics for TPO optimization with WF made by software-

engineering design. These new 3D Isodoses processing images here obtained, get the dose delivery data for several depths with 

WF subject to 18 Mev photon-beam. They constitute a primary example for its future practical applications possibilities in 

TPO. It is also possible to vary in the same chart WF dimensions, LINAC output Megavoltage, WF angles and other 

parameters for TPO [1-20, 73]. Consequently, the 3D Isodoses developed in this contribution involve two methodology strands. 

The first one is the AAA model calculations to implement data into the software [1-20, 73, 74]. The second part is the rather long 

programming work to obtain 3D image processing Isodoses. The type of WF dose delivery shown correspond to previous 

contributions types [1-20, 73]. Currently radiotherapy treatment is performed in 3D usually with Computarized Thomography 

(CT) imaging data before, during, and after the irradiation sessions [74]. The OARs and normal radiosensitive tissues constitute 

an important part of the radiotherapy plan to improve the life quality of the patient [1-20, 73, 74].  

For specific breast cancer medical physics, it is recommended further reading precision-details in several directions. The main 

radiotherapy dosimetry optimization physics, [12-20, 29, 48, 50, 51, 58, 59, 66, 72, 84]. The biomodels for breast cancer are explained in [22-

25, 83-86]. Some related informative modern breast tumor publications can be found at [9.1-9.4, 52, 70, 75]. In the radioprotection field, 

when radiation therapy treatment is given, standard general and breast cancer norms for radioprotection, [79-81]. Mathematical 

inverse problems theory/algorithms to be applied with/for Tikhonov dosimetry optimization, [32, 61, 62, 67, 68, 73, 74], Equations 1-3. 
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In imaging and imaging-guided applications for tumors, [24, 26, 74] are useful. The 2D-AAA classical model publications along 

the literature are extensive, for example, [28, 29, 30, 33, 34, 36, 46]. Concepts about adjuvant radio-chemo-inmmuno therapy, are 

included in [41, 55, 69, 70]. 

Specifically in breast cancer, [9.1-9.4, 24-26, 38, 39, 40, 74, 82], the breathing movement, [9.3], of thorax cavity creates a precision delivery 

problem. Furthermore, the breast cancer patients in no few circumstances present breath difficulties that make even more 

complicated that movement control. Biological models, [1, 21-25], are used to modulate the dose delivery magnitude according to 

specific tissue radiobiological parameters. Normal tissue dose complications probability biological models (NTCP) are 

summed to the radiotherapy plan [1, 21-25, 74], to minimize the OARs radiation damage also. The mathematical optimization 

basis, form the primary step that was applied to develop modern TPO at both planning system and LINAC apparatus [11, 12]. 

Therefore, the AAA model step forward from 2D to 3D for all planning systems and radiation dataset constitutes a precision 

requirement at present to improve the efficacy of results in radiotherapy [1-20, 73, 74].  

In consequence, the innovation of this study is to present a 3D Isodoses graphics to pass on from 2D Isodoses to 3D Isodoses 

imaging acquisition TPO work data. In Proton therapy, [31, 57, 74], 3D Isodoses could be also used. However, IMPT models are 

different from photon-dose ones. 

When Hyper-fractionated radiation protocol is used for breast tumors cure, [23, 24, 73, 74], 3D Isodoses are useful. The motives 

among several others, are to avoid OARs doses and increase radioprotection, and give the patient a better quality of life during 

radiation treatment, [25]. It is not the focus of this contribution to discuss about the hyper-hypo fractionated radiation delivery 

polemic, [25]. Several ideas about recent advances in cancer research, [1-20, 73, 74], comprise pre-hypothesis about future radiation 

oncology. Namely, [Casesnoves, 2007], Radiation Therapy will remain/continue in clinical oncology future mainly for the 

primary/secondary attack to eliminate the tumor volume, and set/open the field for subsequent surgery, Chemo-Inmuno 

Therapy, or Nano-Inmunotherapy stages. Preventive Medicine in early stage diagnosis and prevention (for example, 

elimination of smoking, alcohol abuse, modern tendency in women for pregnancy, etc), has proven be useful/significant for 

cancer incidence reduction [1-20]. In summary, this study reports a software programming series for 3D Isodoses engineering 

software methods, mathematical algorithms, and graphics processing techniques, focused to be applied on breast cancer 

dosimetry with static wedges [1, 25, 38, 39, 74]. Software development methods are explained according to image processing. 

Medical Physics applications for breast tumors, and general radiation oncology TPO are described and analyzed. 

 

1.1 Objectives of the Research 

The objectives of the study are mainly two. First, to develop and explain sharply/detailed the 3D Omega Factor algorithm-

correction for the AAA model, Equations 1-3, Figures 1,2. Secondly, to implement these calculations within the model for 

getting 3D imaging-processing graphics. These charts show the Isodose zones, Figures 2-7, for photon-dose delivery at [z= 

5,15] cm, 18 MeV, for static wedge filters beam modification. 

 

2. Omega Factor AAA Model Foundations Review 

Omega Factor, [Casesnoves, 2015, Philadelphia], was developed for AAA model mathematical-geometrically, to improve the 

precision of photon-beam path through static wedges and in general triangular-shaped beam modification devices. In the 

foundations of AAA model, the path through static wedges was calculated in 2D, and Attenuation Exponential Factor (AEF) is 

set within the standard superposition-convolution integral to get dose delivery precision. However, if it is precisely determined 

for 3D, there is a factor, conceived as Omega Factor, that sets a dose-delivery higher precision in AAA model. Precisely, OF is 

not the unique analytic method to obtain 3D-accuracy for AAA improved dose delivery. Here the most important convolution 

formulas/development is reviewed and improved with further analytic geometry sketchs, Figures 1-2. 

 

Definition 1: Geometrical Omega Factor, namely, [Ω]F, is defined as a numerical coefficient that transforms the 2D 

approximated integral attenuation factor, [AEF]-Approximated, into an exact attenuation factor, [AEF]-Exact. Equation 1. 

Proposition 1: Geometrical Omega Factor, namely, [Ω]F, can be expressed in multiple geometrical-algebraic forms, and one 

efficacious for integration is, 
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(1, Casesnoves Bioengineering Laboratory, 2015) 

 

According to Equation 1, the numerical dose-delivery consequences of the Omega Factor convolution show maxima and 

minima, Figure 1. The maximum happens when φ1 is minimum and φ2 is maximum. On the opposite, the minimum, that is the 

2D integral; convolution remains the same as it is in 2D, occurs when φ2 is minimum (≈ 0) and φ1 is maximum, Figure 1. This 

has implications in dose-delivery magnitude differences between 2D and 3D. Figure 1 shows a half-wedge part with the 

saggital plane for coordinate V1, and the coronal plane for coordinate U1. At Figure 2 it is detailed all the mathematical proof 

for the Omega Factor with Equations 2-3.  

 

2.1 Geometrical Justification for Angles φ1 and φ2 Settings 

Angle φ1 is set at coronal plane to preserve the initial 2D calculations, Angle φ2 is set at saggital plane to get rectangular 

triangles for calculations. If these angles were set between the 3D path-line and the coronal and saggital planes, instead at the 

plane-projections of 3D path-line, calculations would get rather more complicated, [1-20, 33, 34, 36, 46, 73].  

 

 
 

Fig 1: The analytic geometry sketch of the spatial-3D geometric al analysis carried out to determine Omega Factor [Ω]F for complete/exact 

resolution of the integral of [30, 33, 34, 36]. The wedge is divided into two parts. This right one has the positive coordinates for V1 and X 

according to [limited 2D-AAA model, Ulmer, 1996]. It was intended a sharp simplification of the geometry in order to get a caption of the 

proportional segments of the pyramid corresponding to coordinates U1 and V1. The WF is divided into two halves to show the coordinates 

center better, showing here the half part and in Figure 2 the section of right half-part to get geometrical 3D Omega Factor precision 

 

2.1 Briefing of Omega Factor Mathematical-Geometrical Proof 

This Subsection deals with the analytic geometry OF proof, according to Figure 1. From previous contributions, Figure 1 

shows the geometrical-parameters, the geometrical-analytical equations with solutions for Omega Factor are demonstrated in 
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Equations 2-3. The first stage is to set the proportional triangles distances and angles. That is a rather complicated analytic 

geometry analysis, Equation 2. Hence, the mathematical starts as follows,  

 

 
 

(2, Casesnoves Bioengineering Laboratory, 2015) 

 

 
 

Fig 2: The sketch of the spatial-3D geometric al analysis carried out to determine Omega Factor [Ω]F for complete/exact resolution of the 

integral equation of [28, 29, 30, 33, 34, 36]. It was intended a sharp simplification of the geometry in order to get a caption of the proportional 

segments of the pyramid corresponding to coordinates U1 and V1. The WF is divided into two halves to show the coordinates center better. 

Note that the coordinates system for isocenter are two: the coordinates of convolution integral U, V; and the coordinates set for 2D wedge 

filter calculations, X, Y, [29, 30] 

 

3. Mathematical and Computational Methods 

This section is divided into two sub-sections. First the AAA model and data mathematical framework is presented. Secondly, 

the algorithms computational software and program implementation is explained. Basic mathematical formulation and dataset 

along a series of papers, [1-20, 73, 76], the equations of the AAA original model photon-dose with WF were calculated. AAA 

model was named Superposition-Convolution for its mathematical formulation. That is, it is a photon-dose Cumulative Dose-

distribution Integral Operator with a Gaussian, that convolutes with a photon-dose distribution obtained from several Gaussian-

optimized steps starting with the Yukawa Function [29]. In other words, the term 'Superposition' comes from the sum of three 
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Gaussians into the integral operator. The term 'Convolution' describes the mathematical transformation carried out into the 

Dose-Deposition Kernel at the Integral Operator. As said, based on this number of previous articles, [1-20, 73], the WF 3D exact 

dose delivery in water without tissue-attenuation corrections is developed in Equation 3, [Casesnoves, 2015]. 

 

3.1 The Omega Factor Integral Equation Exact Solution 

From 2.1 subsection, here the OF-corrected AAA integral equation analytical solution is reviewed. Once the OF is determined, 

implemented within the exponential, the analytical solution of the photon-beam dose can be calculated exactly, or with a 

simple series development of OF. The starting point and the final analytic solution is shown in Equation 3. 

 

 
 

(3, Casesnoves Bioengineering Laboratory, 2015) 

 

Where A (OF) and S (OF) parameters are defined at formulas according to a series of parameters. I(z) is the area integral of the 

dose over a plane perpendicular to the z-axis at depth z, normalized to one incident electron, σ (z) is the depth-dependent mean 

square radial displacement, x, y, z are the coordinates of the dose-delivery point at beam-output coordinates system, u, v, z, are 

the coordinates of photon-fluence at depth z, a, b, are the field-size magnitudes at depth z, CK are optimization parameters 

resulting for a triple Gaussian function setting, ΦU [28, 29, 30, 33, 34, 36] is the photon fluence modified for WF, a'(z) =a(l + z/F), 

b'(z) =b(1 + z/F) are the halfside lengths projected into depth z, with F as the source-surface distance (SSD). Parameters μw 

(WF material parameter), α (WF angle) and φ (photon-beam divergence angle) are defined at [1-10, 55, 56], Equations 1-3. The WF 

manufacturing angle is α. C is the distance in z-coordinate from source to WF surface, L is half-length of WF for y coordinate. 

In general Fluence modification is ΦU = Φ0 / (1 + z/F)2 according to [55, 56], and ΦU = Φ0 / (1 + z/F)2 according to [28, 29, 30, 33, 34, 
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36], Equations 1-3. Then source fluence is Φ0 modified primarily for the dose-delivery depth z and secondly by the WF 

parameters. Parameters μw (WF material parameter), α (WF angle) and φ (photon-beam 2D divergence angle, here φ1, Figures 

1-2) are defined at [1-20, 28, 29, 30, 33, 34, 36, 73]. Development of Equations 1-3 are extensively presented in [1-20, 28, 29, 30, 33, 34, 36, 73]. The 

angles Φ1 and Φ2 are the geometrical angles for 3D Omega Factor computation defined [1-20]. The foundation of this 2D-AAA 

solution for WF dose delivery, was firstly developed [30]. Simulations Experimental Dataset Table 1 shows the numerical 

parameters for 3D Isodoses simulations slightly improved/modified from [1-20, 73]. In brief, all these calculations are based on 

previous publications series [1-20, 73]. 

 

4. 3D Isodoses Dataset and Software-Programming Method 

The computational method is based on previous software works [1-20, 73]. The integral equation complete analytical solution, 

Equations 1-3, is correctly simulated in dosimetry-matrices from 100 x 100 dimensions to 300 x 300 dimensions in the 

following results section and compared with simulations of equations of classical AEF [1-20] in AAA model foundations. The 

structure of the program comprises the summatory of every part of Equation 3 Erf function. Firstly, these parts of Erf functions 

are set independently one by one. Secondly all of them are summed. Finally, the resulting numerical values are set in the 

imaging subroutine. In this study, they are implemented in Matlab. Imaging processing tools and subroutines/options are 

applied [1-20, 73]. A number of previous publications develop WF AAA photon dose 3D graphical processed images for GNU-

Octave and Freemat also [1-20]. But in these cases the programs involve rather significant modifications [1-20]. 

 

4.1 Dataset for Software Engineering 

Table 1 shows the photon-beam parameter magnitudes and wedge filter dimensions. LINAC SSD parameter and field size is 

also specified, [1-20, 28, 29, 30, 33, 34, 36, 73]. 

 
Table 1: Numerical dataset to be implemented in software for a WF of 15 degrees and maximum φ1 and φ2 angles 30 degrees. Source-

surface-distance, (SSD), is set at standard magnitude of 100 cm, and simulations are carried out for z-depth values of 5, 15 cm. Namely, 

where the dose deposition tends to be maximum. Fluence magnitudes are set mainly from [35, 37] 
 

 
 

4.2 Software Engineering Programming 

The structure of the program comprises the summatory of every part of Equation 3 Erf function, but 3D modified. Firstly, these 

parts of Erf functions are set independently one by one. Secondly all of them are summed. Finally, the resulting numerical 

values are set in the imaging subroutine. In this study, they are implemented in Matlab. Imaging processing tools and 

subroutines/options are applied [1-20, 73]. Just to remark that Erf functions seem be rather complicated but for software 

programming are easy with modern systems, such as Matlab or GNU-Octave.  

 

5 Results 3D Isodoses for TPO 

The structure of the program comprises the summatory of every part of Equation 3 Erf function. Firstly, these parts of Erf 

functions are set independently one by one. Secondly all of them are summed. Finally, the resulting numerical values are set in 

the imaging subroutine. In this study, they are implemented in Matlab. Imaging processing tools and subroutines/options are 

applied [1-20, 73]. 

Figures 3-4 show Type I 3D Isodoses WF graphics for [z=5 cm, z=15 cm] depth doses with AAA model. The innovation of the 

study involves practical use for TPO, in contrast with classical 2D Isodoses plots. The visualization 3D advantages related to 

2D Isodoses are evident. The number of 3D WF dose delivery images in Figures 5-6 is two, but it is not limited to any amount 

superposed 3D charts in the same image. Figure 7 is a WF dose-zone clarification for better reading.  
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5.1 Type I 3D Isodoses [Vertical] 

Figures 2-3 show Type I 3D Isodoses WF graphics for [z=5 cm, z=15 cm] depth doses with AAA model. The innovation of the 

study involves practical use for TPO, in contrast with classical 2D Isodoses plots. The visualization 3D advantages related to 

2D Isodoses are evident. The number of 3D WF dose delivery images in Figures 3-4 is two, but it is not limited to any amount 

superposed 3D charts in the same image. 

 

 
 

Fig 3: Type I lateral imaging perspective of 3D Isodoses for z=15 cm [upper, scaled +0.25], and z=5 cm [lower]. It is clear the dose 

difference related to depth absorbed dose deposition. Dosimetry calculations, TPO, and photon-dose approximations can be carried out with 

these 3D Isodoses charts 
 

 
 

Fig 4: Type I oblique-lateral imaging perspective of 3D Isodoses for z=15 cm [upper, scaled +0.25], and z=5 cm [lower]. It is clear the dose 

difference related to depth absorbed dose deposition 

 

5.2 Type II 3D Isodoses [Horizontal] 

Figures 5-6 show Type II 3D Isodoses WF graphics for [z=5 cm, z=15 cm] depth doses with AAA model. The innovation of 

the study involves practical use for TPO, in contrast with classical 2D Isodoses plots. Figure 7, from [1] is a sharp reminder of 

the four dimensions that can be numerically determined in a 4D WF graph. 

 

 
 

Fig 5: Type II lateral imaging perspective of 3D Isodoses for z=5 cm [left], and z=15 cm [right, scaled +30]. It is clear the height dose 

difference related to depth absorbed dose deposition 
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Fig 6: Type II oblique-lateral imaging perspective of 3D Isodoses for z=5 cm [left], and z=15 cm [right, scaled +30]. It is clear, red arrows 

inset, the height dose difference related to depth absorbed dose deposition 

 

 
 

Fig 7: From [1], a Matlab simulation 3D image for 18Mev photon-beam at 15 cm depth-dose with Omega Factor and I(z) corrected. 

Numerical data that can be obtained in simulation comprises four dimensions. Namely, relative dose in one-percent, X coordinate at WF, Y 

coordinate at WF, and program part relative dose. Fluence magnitude according to Sections 2-4. Matrices for Image Processing have about 

103 elements. The superposition of imaging-processing erf functions implementation can be observed 

 

6. Medical Physics Breast Tumors TPO Applications 

Table 2 shows a resume of breast tumor [9.1-9.4, 52, 70, 73, 75] medical physics principal applications for 3D Isodoses radiotherapy 

TPO. 3D Isodoses Those prospective applications are also useful for further radiotherapy research/applications on breast 

tumors and other types of cancer. 

 
Table 2: Briefing of medical physics applications of the study, both for TPO and I+D 
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7. Discussion and Conclusions 

The first objective of the research was to demonstrate and prove mathematically the feasibility and practical TPO usage of new 

3D Isodoses for WF photon-dose delivery with 3D Omega Factor. Omega Factor convolution integral equation solution is 

demonstrated. Specially, elaborated/illustrative sketchs, Figures 1-2, to prove the analytic geometry algorithm were done. The 

second objective was to implement and develop software engineering for 3D imaging processing, provided to previous 

algorithms implementation. The model for calculations and images was, as usual in research series, the AAA one extensively 

used/improved in current photon-dose LINACs. Breast cancer TPO, based on [1-20, 74, 75] criteria, was the practical usage of 3D 

Isodoses proven. Images obtained were got sharp and contrasted, Figures 2-7. The precision of the analytic determination of 

the Omega Factor was demonstrated properly. The exact convolution of the corrected 3D AEF with Omega Factor was 

detailed. The programming system used was Matlab. However both Freemat and GNU-Octave have demonstrated efficacy for 

these studies [1-20, 73].  

For the second objective, the software required several combined WF calculations implemented in an unique program. 

However, the increase running time was less than expected. The reason was the optimal set of patterns, loops, image 

subroutine selected, and avoiding redundant calculations. These techniques were rather arduous in the programming task. 

Method dataset is shown in Table 1. Water AAA model approaches to breast tissue adipose density with acceptable 

approximations. 

The improvement of Omega Factor within the integral equation of AAA model shows a higher precision, detailed by a curved 

dose-distribution at image-processing. The disadvantage is that it requires further calculations and implementation in software. 

The objective to get more exact algorithms related to [Ulmer, 29,30] initial AAA 2D model was reached. 

Advantages of 3D isodoses for TPO are the imaging perspectives, better calculations, fast calculus of dose or approximate dose 

delivery, and others, Figures 1-5. Inconvenients could be the rather more difficult programming and numerical refinements to 

process 3D optimal Isodoses images, compared to classical 2D Isodoses graphs. 

In brief, 3D Isodoses WF photon-dose imaging processing graphs were simulated-presented for Omega Factor AAA model in 

water without tissue heterogeneities inset at programming. Omega Factor Equations were proven. The specific focus was 

breast cancer [9.1-9.4, 38, 39, 73, 74] applications as done in [1-20] for TPO WF dose delivery applications. 

 

8. Scientific Ethics Standards 

Omega Factor was created by Author at Philadelphia city in spring 2015. All the software was done by Author, based on 

radiotherapy and hip wear previous articles and materials engineering/bioengineering software. This type of software is 

developed from Author’s series of previous publications in hip prostheses wear and other computational contributions. The 

article contains few reviews of the previous publications essential for complete understanding. The 3D multidigital simulations 

are original from the Author, software, design, patterns and 3D image processing. The Graphical Optimization software-

programs were developed by Author, based on literature and Radiotherapy publications, and previous experience. Article has 

very short review from literature to make all more sharp/perceptive. No artificial intelligence (AI) tools or systems were used 

for programming anyway. No artificial intelligence (AI) information from browsers was included, and if it would be so, it is 

always declared. Radiotherapy references are included as they are the programming base. This study was carried out, and their 

contents are done according to the International Scientific Community and European Union Technology and Science Ethics, 
[43-45]. References: ‘European Textbook on Ethics in Research’. European Commission, Directorate-General for Research. Unit 

L3. Governance and Ethics. European Research Area. Science and Society. EUR 24452 EN. And based on ‘The European 

Code of Conduct for Research Integrity’. Revised Edition. ALLEA. 2017, [43-45]. When a mathematical statement, algorithm, 

proposition or theorem is presented, demonstration is always included. When a formula is presented, all parameters are 

detailed or referred. If any results inconsistency is found after publication, it is clarified in subsequent. When a citation such as 

[Casesnoves, ‘year’] is set, it is exclusively to clarify intellectual property at current times, without intention to brag. The 

article is exclusively scientific, without any commercial, institutional, academic, deliberate obfuscation, religious or religious 

influences, religious-similar, non-scientific theories, personal opinions, political ideas, political or economical influences. 

When anything is taken from a source, it is adequately recognized.  
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