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Abstract 

Curves are characterized by their multiple uses in various 

fields, especially in mathematics, engineering, and computer 

science. This study aimed to find a comparison between 

Bezier and B-spline curves using MATLAB. The study 

followed the applied analytical approach. The study reached 

the most important results, which are that when a point in 

the B-spline curve changes, the curve changes locally 

around that point, while when a point in the Bezier curve 

changes, the curve changes completely. And the number of 

control points in a B-spline curve is one-third less than the 

number of control points in a Bezier curve. Furthermore, the 

control points in a B-spline curve are not tangent to the 

curve's path, whereas in a Bezier curve, the control points 

are tangent to the curve's path. Based on the results, we 

found that the B-spline curve performs better than the Bezier 

curve. The study also utilized MATLAB to drive both 

Bezier and B-spline curves, allowing for a more precise 

observation of local and global effects. We recommend that 

researchers conduct further observations regarding the local 

and global effects of both types of curves and utilize these 

findings in mathematical, engineering and medical fields. 
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Introduction 

OPC (Optical Proximity Correction) technology has been evolving at the same pace as the lithography technology in order to 

achieve higher resolutions at every new technology node. One approach for further extending lithography resolution is ILT 

(Inverse Lithography Technology). This technology is based on applying an inverse model to the target design to determine 

which structure should be present on the mask [1]. In order to compensate the lithography process errors, the ILT creates curves 

from the design layouts [2]. There were three main limiting factors for the adoption of ILT: modeling runtime, mask-writing 

time, and data volume. Regarding the runtime, the inverse lithography models would take a long time for producing a 

satisfying solution. Currently, advances in algorithms, such as AI (Artificial Intelligence), as well as on computing power with 

latest CPUs and GPUs, have mitigated this issue [3]. The second limiting factor was the mask writing time. The standard of the 

industry was writing masks using VSB (variable-shaped-beam) writers. This type of equipment is suitable for fast-writing 

regular shapes (rectangles and trapezoids), but not for curvilinear shapes. With the adoption of multibeam mask writers , the 

characteristics of the shapes no longer impact the mask writing time [4]. At the same time, such curvilinear shapes are currently 

stored as polygons which contain lots of vertices, hence an increase of the layout file sizes. For instance, a dot array can be 

compacted by a factor of ten if described by a curve instead of a polygon [5]. The file size issue has been identified and 

addressed by the industry in recent years. For instance, mask-writers suppliers proposed a curvilinear format support [6]. 

Moreover, a curvilinear work group was created in 2019 [7] in order to develop an extended Oasis format supporting curves by 

generalizing the current P39 standard Oasis format [8]. This new format allows the representation of curvilinear shapes by using 

curve descriptions, with the following supported type of curves: explicit piecewise Bezier, implicit piecewise Bezier, uniform 

clamped B-Splines, and uniform periodic B-Splines. Implicit piecewise Bezier and B-Splines are of particular interest since 

they both offer more compaction properties than the explicit piecewise Bezier  [9], from which they are both derived. We 

analyze the properties, advantages, and disadvantages of implicit Bezier and B-Spline curves. First, we focus our discussion on 

the definition of such curves as well as the relation with the explicit Bezier curves. Then, we highlight the geometrical 

properties of both implicit Bezier and B-Spline curves. Finally, we propose a comparative discussion of theses formats 

properties, as compaction capabilities in terms of number of control points, or predispositions to sizing-like or Boolean 

operations. 
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1-The Bezier curve: 

Definition (1). A Bezier Curve is a smooth, mathematically defined parametric curve used in computer graphics and design 

shaped by a set of control points that dictate its path, passing through the start and end points but influenced by the 

intermediate ones to create precise scalable shapes for fonts. animations, and vector graphics [10].  

On a mathematical, as well as on a computational point of view, the simplest type of parametric curve is polynomial curves, 

that is with a polynomial parameterization as , where  are points. Note that  is the degree of the 

curve. One of the elegant properties of polynomial curves is smoothness of the parameterization, which implies the geometrical 

smoothness of the curve itself. 

An even more convenient class of parametric curves, which is widely spread in industry [11], is Bezier curves. A Bezier curve 

of degree p is defined by the weighted average1: 

 

 , 

of the control points . A given weight  is the 𝒊-th Bernstein polynomial of degree 𝑝. 

 

Lemma (1): For the path constructed by two Bezier curve segments  and , if  and  are at least 

continuous at  then the path has continuous curvature for every point on it. 

Proof. The curvature is expressed in terms of the first and the second derivative of a curve in . Since the 

Bezier curves are defined as polynomial functions of , their k-th derivative for all k = 1,2. are continuous. Hence, they always 

have continuous curvature for all t. For two different Bezier curves  and , it is sufficient that , the curvature at the 

junction node is continuous if  =  and  =  are continuous at . Therefore, if  and  are at least  continuous at 

 then the path have the curvature continuous for every point on it [12]. 

 

2-The B-spline curve: 

Definition (2): A B-spline curve is said to be uniform whenever its knots are equally spaced, and non-uniform otherwise. A 

uniform B-spline curve is said to be open uniform whenever its interior knots are equally spaced, and its exterior knots are 

same. Similarly, A non-uniform B-spline curve is said to be open non-uniform whenever its exterior knots are same and its 

interior knots are not equally spaced [13]. 

In a way which is similar to a Bezier curve, B-Spline parameterization is a weighted average of control points: 

 

  
 

Where  is the  degree,  basis .  is a  degree, piecewise polynomial. Contrarily to the Bézier 

representation, a large number of control points  is allowed for a low polynomial degree . Moreover, the influence of 

the control points is now local: more precisely, a given point of the curve is only affected by  control points, due to the 

shape of basis functions. This allows a good curve control, and nice numerical properties such as the sparse matrix 

representation for model fitting. 

Remark (1): The coefficients satisfy: 

 

  
 

and 

 

  
 

For any polynomial, one degree of freedom can be introduced to its expression by raising its degree by one. Note that B-spline 

basis functions are piecewise polynomials. Therefore, degree elevation method can theoretically introduce multiple degrees of 

freedom into the expressions of B-spline curves. However, Theorem 2.1 reveals that, the UBP basis functions are the revised 

B-spline basis functions, whose expressions are modified by inserting only one parameter by the degree elevation of B-spline. 

Thus, we will study if there are other more general uniform B-spline basis functions with multiple parameters [14]. 

Example (1): For  (three control points), the weights are; 
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and the curve is: 

 

  
 

  
 

  (1) 

 

This is the quadratic Bezier curve. 

MATLAB code to compute the quadratic Bezier curve for n=2 with three control points  

% Define the control points (replace these with actual values) 

P0 = [0, 0]; % Example values, replace with your actual coordinates 

P1 = [1, 2]; % Example values, replace with your actual coordinates 

P2 = [2, 0]; % Example values, replace with your actual coordinates 

% Define the parameter t from 0 to 1 

t = linspace(0, 1, 100); 

% Calculate the Bernstein polynomials 

B_2_0 = (1 - t).^2; B_2_1 = 2 * t .* (1 - t); B_2_2 = t.^2; 

% Calculate the curve points 

P = B_2_0' * P0 + B_2_1' * P1 + B_2_2' * P2; 

% Plot the quadratic Bézier curve 

figure; plot(P(:,1), P(:,2), 'b', 'LineWidth', 2); hold on; 

plot([P0(1) P1(1) P2(1)], [P0(2) P1(2) P2(2)], 'ro--'); % Plot control points and polygon 

legend('Bézier Curve', 'Control Polygon'); title('Quadratic Bézier Curve'); 

xlabel('x'); ylabel('y'); grid on; axis equal; 

 

   
 P1(1, 2)  P1(1, 1)  P1(1, 0.5) 

 

Fig 1: Bezier Curve for n=2 With Three Control Points P0 , P1 , and P2 

 

In the special case , the four weight functions are: 

 

 
 

 
 

 
 

 
 

and the curve is, 
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  (2) 

 

 
 

 
 

It is clear that  is a cubic polynomial in t. It is the cubic Bezier curve.  

In general, the Bezier curve for points  is a polynomial of degree . 

It can be proved by induction that the general,  -point Bézier curve can be represented by, 

 

  
 

Where; 

 

  (5) 

 

Matrix  is symmetric and its elements below the second diagonal are all zeros. Its determinant therefore equals (up to a sign) 

the product of the diagonal elements, which are all nonzero. A nonzero determinant implies a nonsingular matrix. Thus, matrix 

 always has an inverse.  can also be written as the product , Where; 

 

  
 

and 

 

  
 

Figure (2) shows the Bezier  matrices for . 
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 , 

 

 . 
 

Fig 2: The First Seven Bezier Basis Matrices 

 

Example (2): Five control points  through  are given, implying that n = 4. We select order 3 (i.e., segments that are 

polynomials of degree 2) to construct the knot sequence (0, 0, 0, 1, 2, 3, 3, 3). The parameter t varies from  =  = 0 to 

 =  = 3, so our curve will consist of three segments. Each of the blending functions Ni3(t) (where 0 ≤ i ≤ n) is nonzero 

over three subintervals of t. The result is, 

 

 
 

 
 

 
 

 
 

 
 

So, the three spline segments are, 
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It is now easy to calculate where each segment starts and ends: 

 

 
 

 
 

 
 

Figure below shows a typical example of the three segments (with intentional gaps between them). 

 

 
 

Fig 3: An Open Uniform B-Spline 

 

MATLAB script to generate and plot the B-spline curve 

% Main script to plot the B-spline curve with order 3 (degree-2 polynomial segments) 

% Control points (p_0 to p_4) 

P = [0 0; 1 2; 2 1; 3 3; 4 0]; 

% Knot sequence for degree-2 B-spline (order 3) 

knots = [0 0 0 1 2 3 3 3];  

% Degree of the B-spline (order 3 means degree 2) 

degree = 2  

% Parameter range 

t_min = knots(degree + 1);nt_max = knots(end - degree); 

t_values = linspace(t_min, t_max, 100);  

% Calculate points on the B-spline curve 

curve_points = zeros(length(t_values), 2); 

for j = 1:length(t_values) 

    t = t_values(j); 

    point = [0 0]; 

    for i = 1:length(P) 

        N = basis_function(i, degree, t, knots); 

        point = point + N * P(i, :); 

    end 

    curve_points(j, :) = point; 

end 

% Plot control points 

plot(P(:, 1), P(:, 2), 'ro-', 'LineWidth', 2, 'MarkerFaceColor', 'r'); hold on;  

% Plot B-spline curve 

plot(curve_points(:, 1), curve_points(:, 2), 'b-', 'LineWidth', 2); 

% Plot settings 

xlabel('x'); ylabel('y'); title('Degree-2 B-spline Curve (Order 3)'); 
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legend('Control Points', 'B-spline Curve'); grid on; axis equal; hold off; 

% Basis function definition 

function N = basis_function(i, k, t, knots) 

    % Adjust indexing for MATLAB (1-based) 

    i = i - 1; 

    if k == 0 

        if i+1 <= length(knots) - 1 && knots(i+1) <= t && t < knots(i+2) 

            N = 1; 

        else 

            N = 0; 

        end 

    else 

        if i+k+1 <= length(knots) - 1 && knots(i+1) ~= knots(i+k+1) 

            c1 = (t - knots(i+1)) / (knots(i+k+1) - knots(i+1)) * basis_function(i+1, k-1, t, knots); 

        else 

            c1 = 0; 

        end 

        if i+k+2 <= length(knots) - 1 && knots(i+2) ~= knots(i+k+2) 

            c2 = (knots(i+k+2) - t) / (knots(i+k+2) - knots(i+2)) * basis_function(i+2, k-1, t, knots); 

        else 

            c2 = 0; 

        end 

        N = c1 + c2; 

    end 

end 

 

This will generate and plot the B-spline curve using the specified control points and knot sequence, resulting in a curve with 

three segments due to the given degree and knot vector. 

 

   
 P2(2, 1) P2(2, 0.5) P2(2, 0) 

 

Fig 4: Degree-2 B-spline Curve (Order 3) P2(2, 1) 

 

Five control points are specified. The knot sequence is defined as  for a degree-2 B-spline (order 3). The degree 

of the curve is set to 2 (order 3). The parameter 𝑡 varies from 0 to 3, which defines the range for the curve. The script calculates 

points on the curve using the basis functions and control points. The basis functions are evaluated recursively to determine 

their influence on each segment of the curve. The control points are plotted as red circles. The B-spline curve is plotted in blue. 

 

Results 

The most important results i can summarize as follows: 

1. The Bezier is defined by Approximating tangents on the curve by using control points but the B-Spline is defined as a 

linear combination of control points and a B-spline basis.  

2. The Bezier approximation provides the global control of curve shape. If a single control point is changed, the shape of 

curve is disturbed but the B-spline approximation provides the local control of curve shape. If a single control point is 

changed, only parts of the curve lying under the influence of that control point are disturbed. 

3. The Bezier is a special case of a B-spline curve, where the basis function defines the span/influence of each point on the 

entire curve but the B-Spline is a generalized version of a Bezier curve that consists of Bezier curves as segments. 
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Recommendations 

1- for simple, scalable graphics (logos, icons) use Bezier for simplicity. 

2- for complex, high-surfaces (product design, animation) use B-spline for local control and flexibility. 

3- for approximating data points B-splines are generally better, avoiding high-degree Bezier curves that become unstable. 
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