Int. j. adv. multidisc. res. stud. 2025; 5(4):1738-1745

Received: 09-07-2025 - Tpternational Journal of Advanced Multidisciplinary
Accepted: 19-08-2025 -
Research and Studies

A Class of Multivalent Functions Based on a Linear Operator

1 Awoyale Olusegun, 2 Fatunsin Modupe Lolade, > Amao Atinuke Ayanfe

! Department of Mathematics, Federal University of Education, Kontagora, Nigeria

2 Department of Mathematics Programme, National Mathematical Centre Abuja, Nigeria
3 Department of Mathematics, University of Ilorin, Nigeria

DOI: https://doi.org/10.62225/2583049X.2025.5.4.4842 Corresponding Author: Awoyale Olusegun
Abstract

In this work, we define a new class Mp (A, B, n, #a.6,6) of class are also obtained. We employ the principle of
multivalent functions. We discuss coefficient estimates, subordination and El-Ashwah linear operator to establish
distortion and growth properties, radii of close-to- convexity our results.

and starlikeness of the class. The integral transforms of the
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1. Introduction
Let A denote the class of functions analytic in the unit disk ¥ = 1% |zl < 1}

Let Mp be the subclass of A consisting of analytic p-valent functions F(2) of the form:

f(2) =224+ bpye™? pe N
k=1 (1)

The class Mp is called the class of multivalent (p-valents) functions.

A function f(2) is called a p-valent function if it does not take a value more than p-times.
Following El-Ashwah B, we write the following equalities for the functions;

J(z) € Mp:

i X o=+ 0k+p)\
G 0)f(z) =27+ (‘—{ by p2*

- 2
Where >0, 1> 0,t € No=" 40

We can write (2) in the form ! (u,0)f(z) = ¢} (L'Z'_'g * f) (z) where

‘ = (hHO0R+D)\, ke
L',I[.;f(:) = 2P + Z (M) by p2*

k=1 #
It is easily verified from (2) that:

0z (G50, 1) f(2)) = uC™* (8, ) f(2) — (Op + w)C' £ (2)
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We note that:

"0, n)f(2) = f(2)

. N (:lel:!)
CLDf(z)=—"=@+Df(z)+ 2f(z

~P

www.multiresearchjournal.com

The class of multivalent functions has been widely studied. In recent years, several interesting classes (and or subclasses) of

multivalent functions have been introduced and investigated (for examples, see [

Definition 1: For two functions s;* and s,* analytic in U, we say that the function s;* (Z) is subordinate to s,* () in U and

write s* (Z) € g% (Z)if there exists a Schwarz function W{(Z) analytic in U with ¥(0) = 0 and lw(z)

¥ (2) = gx(wiz)i(z e U,

<1 guch that s,* (2] =

Definition 2: Let Mp (A, B, n, &% %.€). be a class that consists of function F(2) which satisfy the condition.

1 /(Y (,0)f(2) \~
l+;(—('(/1-0)f(2) 1) <(1 u) B- o

Where = denotes the subordination, n is a complex number,

-l=F =410 =x=landz e Il
The condition (3) is equivalent to:

iz _ 4
CH(p0)f(2)

n(A—B)(1—a)—-B (u_v»ff) . 1)

Ct(p,0)f(2)

<l

Remark:
When# =5~ 1‘, n=>band a =t=0in (3), we obtain the class Sb*(:f}).

Also, when#=f=t=1,n=band a =0 in (3), we have a subclass Cy (¥).

)

A and B are the arbitrary fixed number

“4)

The two classes were studied by Ravichandran et al. !, In this work, we discuss coefficient estimates, growth and distortion

properties. The radii of close-to-starlike and starlikeness of the class M, (A, B, n, y, a, 0, 5_) are also considered. Furthermore,

the integral transform of the class is obtained.

2. Coefficient Estimates

Theorem 1: A function defined by (1) is in the class M, (A, B, n, p, a, 6, ¢Jifand only if;

O ‘+p : 2 +p
e [Mfﬂ)] [-"B‘”‘*” + |n|(A - B)(1 - n)] b
[n|(A - B)(1 - a)

<

©)

Proof: Let f(Z) € M,(A,B,n,t, n, 0,0, ‘;:', then by the definition of subordination (3) can be written as:

1 (¢ (p,0) f(2) 3 1+ Aw(z)
+2 (emer 1) =0 - g o

Where Wz = L |w(0)| =1

From the equation (6), we have:

(C'“(;/.())f(:) . 1) ~ n(A-B)(1 - a)w(z)
CH(m,0)f(2) 1 + Bw(z)

Upon expanding and rearranging (7), we get:

CH Y, 0) f(2) - ¢ (1, 0)f(2) oy
( w0/ () “1) ’{”('4”3)‘““’“B< T 0)/() 1)}”(“)

(6)

()

(®)
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We apply the differential operator & “*{.8) f(z)defined by (2)in (8)to get.

an (u+0(k+p)) (;1+0(k+p)) - ut0(k-+p) t ut0(k-+p)
.2 Z‘:‘( " )( “ ) 1

s [ p+o(k+p) —l={na-B)(1-a)-B PP w(z).
i ( a ) Il (“ [0 )
That is;
o [+ 0k +p)]" [0(k+p)
Z bk+p =
k=1 H H

{n(/l — B)(1—a) - i [‘” i E’Lk s p)} ‘ ["B(’:f P) 4 (A B)(1— n}] bH,,} w(z)
k=1

)

Since l@(2)] < 1, then from (9) it follows that:

t
ool [u+0£‘k+pl] [9(k+p)] B
lw(z)| = <1

n(A - B)(1 - a) - T, [2200)] (800 14— B)(1 - )] b

Since Re(2) = |2l for anl Z_ it follows that:

£ [ [,
n(A-B)(1-a)- X2, [Mﬂ] [‘”’“ﬂ’) +n{d - B)(1- n)] ™

m

Re <1

Letting & ~ 1_ through the real values, and upon clearing the denominator, we obtain;

R | o A
i [#42] [252 4 nl(A - B - )] by
[n(A=B)(T - a) -

Conversely, let the inequality (5) holds. Sincel@(@) < 1, from (4) we have:

o)
CudIz)

n(A-B)(1-a)-B (.C“”w)f(z) B 1)

Cpd)f(2)

s
= <1

t
n(A-B)(1-a)-Xr, [u+aLA-+p>] [w(:ﬂﬂ +n(A-B)(1 - a)] brsp2k+P

Zx [£1+9 k+p ]l [0(k+pl] b Lk+p
k=1 m k+p=

yo ut0(k+p) |t [6(k+p) b
k=1 m m k+p

< :
[nl(A— B)(1 - @) - T2, [2sen)]" [#548) 4 |n|(A — B)(1 - )| sy

The last expression is bounded by 1 if:

- o(k “10(k x 0k t .
Z["* ( “’)] [( +p)]bk+pS|"|(-‘1—B)(1_“')—Z[l LA D) TEEELD) 4 4 B - ) b

'
k=1 f k=1
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Thus

~ : ol t 2 cd-p
Z:;l [u.,y(: p)] [-03("“;) + |n|(A - B)(1 - n)] bi+p y
n|(A = B)(1 - a) -

3. Growth and Distortion Theorems
We now prove the growth theorem for the functions in the class Mp(A,B,b,n,t,4 %, &:{)

Theorem 2: Let the f{Z) defined by (1) belong to the class Mp (A,B,b,n,t,4 ™, g.0)
then 0 <|=7= 1z

rP — pptl [n|(A - B)(1 - a) < f(2) <
I:n+(l(k+pj:| [2013(k+,,) +|n|(A=B)1-a )] - =

" M
[n|(A - B)(1 -a)
u+0(k+p) " [20B(k+p)
(] (280 ¢ o2 By o)

m

rP 4 rPt!

f(z) =2+ ; ke — i =) P (z=7).
[,..mw»J [zom:w» +[n|(A - B)(1 - n)] by

m

Proof: Let (Z) € Mp(A,B,b,nt,l% 80y then from Theorem 1, it is noted that:

oo

2,

k=1

w4+ 0(k + p)]‘ [29B(L~ +p)
7 1

+|n|(A - B)1 - n)] besp < |n|(A-B)(1-a)

Since:

Z [/1 + 05[1. + p)] [QOB(II\I' +p) +|nl(A - B)(1 - n)] -

o0
k=1

is an increasing function of k, it implies that

[.‘1 +0(k+p)] [208(ﬁ+1)) +Inl(A = B)(1 _a)] ibkﬂ’ < In|(A=B)(1-a)

H k=1
Hence:
= [n|(A—B)(1 —«)
PBLE pirk+p) |t [22BGk+p)
k=1 [ m } [ 2+ |n|(A = B)(1 —a)] (10)

Also from equations (1) and (10) and for |2l = it follows that:

PSP+ by

k=1

|f(2)] < ° +rPH me-p
k=1
A-B)(1-a)

< rP p+1 |n|(
=FT ut0(k+p)]" [20B(k+p)

[0 ] [285G28) 4 |1|(4 — B)(1 - a)

Similarly,

o
P2 =S b,
k=1
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> P ,_p+l I"‘(‘A - B)(l B “)
— . t ; '
[,H-B(Iu-?—p)] [203%4-1)) 4 |"|(44 _ B)(l ) (l)]

M

This completes the proof of Theorem 2
Taking A=p=H4=%=1and B =-1 in Theorem 2,we get
Corollary 1: If f(Z) &€ M(m.c0t). then

B [n|(1—a)
2+ |n|(1 - a))3?

ni-a)
(24 |n|(1-a))3?

*<f(2) <

Theorem 3
Let F(2) defined by (1) belong to the class Mp (A,B,b,n,t4 %, &:9), then for 0 < lz2l = v =1

- . (p+ Dn|(A - B)(1 —a) v
prPt — ; <|f(2) <
{ [um:kom] ['zolti‘kuﬂ + |n|(A - B)(1 — n)] }
p+1)|n|/(A—-B)(1-a)

(
[u+9§f+,,)]' [goBitkH’) + |n|(A-B)(1 - a)]

prP~t 4P
(1)
Proof: From (10),
< (p+1)|n|(A-B)(1-a)
D Kby < 1
p [m'glmm] [-’___.Mif*' +In|(A-B)(1 - u)] Ibicsp] 12

Combining (1) and (12) and for |2l =7 it is obtained that

o0
|f’(:)| S ])]-P—l + Z(k e P)bk-}—p‘rk_ll

k=1
<prPl4 r”Z(k + P)bi+p
k=1
e — S
+0(k 20B(k+
[,+051A+p)] [ oB(lk 2 4 |n|(A- B)(1 - n)]
Similarly,

oo

1f () = pr?=t = (k + p)brgpr™
k=1

>prtt - r"z (k + p)brsp

(p+1Dn|(A-B)(1-a)
A —
[l [295028) 4 |n|(4 - B)(1 - a)]

>prtt =P

This ends the proof of Theorem 3
Taking A=p=£&= =1 and B=-1 in Theorem 3,we get

Corollary 2: If [(Z) & M(n.008). hep,

[n](1-a)

[n](1 - a) 2
2+ |n|(1 - )3

QI (2+|n|(1—n))3’

Which completes the proof.
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4. Radius of Close-to-convex for the class Mp (A,B,b,n, % &)
Theorem 4. Let [ (Z) defined by (1) belong to the class Mp (A,B,b,n,t,i %, &:4),
then / (Z) is p-valent close-to-convex of order £ (0 = £ < 1iin the disk |zl =7 where:

1
k

inf | (0—B) [—'HB(‘L.*")] [M + |n|(A - B)(1 — u)]
rn=k !
(k+p)n|](A—-B)1 — a)

(13)

Proof: It is suffice to show that:

f'(z)

— —p|<p—0

Suppose f (2) e M, (4. B.mt.1.@.5.8.8) yging (1) it shows that:

pzP !t + Dheprr(k+ p)bpzF Pt — popt
zp-1

1)

~p—1

(14)

Implies

Z (k + p)b2*

k=p+1

Z (k + p)|be] | 2]

then

f'(z)

zp-1

—-p|l<p-0

S g (k4 p) bl 2177 o
if p—>5 (15)

By Theorem 1

T [ ”P)]i (22642 4 jn)(A ~ B)(1 — )] [bu]
<
nl(A = B)(1—a) = (16)

Thus (16) is true if

I

p— B (A= B)(1-a) (17)

00 k— . . tr. X
Yoreprr (B4 p) o] [2[77 2, [M} [wﬁnm_g)u _n)] |bx |
<

Solving for z in (17), we have:

£

c4p. [ c+p
(p— B) [ | [2E62D) 4 |nj(A - B)(1 - )]
(k + p)|n|(A— B)(1 — «a)

Izl <

(18)

Which completes the proof.

5. Radius of Starlikeness of the class M, (4572 1@ 5.6, 0),
Theorem 5. Let the function defined by (1) belong to the class M, (4 B: 1. it @.8.8.8) then f (2) is p-valent starlike of order
B (0= 8 < 1)in the disk 12l <7,

Where

1

- t 9 g
1;:]‘ (p—5) [”Wi#] [W + |n|(A - B)(1 - n)]
(k+p-B)nl(A-B)(1-a)

ro =
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Proof: We must show that:

/'(2) .
—p| <p-—B, for|z| <ry
f(2)
Indeed from (1)

[ | il lf_
f(:) 1= Zk=p+l |bk+PI |:|

Thus,

2f'(z) )
(2)
Yore (k4 p—B) |begy| 2" <1
if p-5 (19)

<p-8

But Theorem 1 assures that:

3 tr. 2
i [pel] (252 4 (A - B)(1 - )] Il
|n|(A = B)(1 — a) - (20)

In view of (20) it follows that (19) will be true if

S ik +p = B) byl |2]* g [‘*"iﬂ]' [ZE842) 4 fnj(4 — B)(1 - )] s
p—p [n|(A = B)(1—a) 2D

Solving for Izl in (21), we have

n

(k+p-8)n|(A-B)(1-«a)

Z &
| |:(p—3) [M]t [w+|n|(‘4—1})(l—n)]
<

This complete the proof of Theorem 4

6. Integral Operator

In this section, the integral transforms of function in the class A, (4:5: ™8 2.@.5.8.0) are discussed.
Theorem 6

Let the function /(Z) given by (1) be in the class M,(A.B.n.t i, @.5.8.{) Then the integral transforms:

c+p [7
F(z) = <1 / L f(t)dt, ¢ > —p
zP 0
are in the class Fy* (rr0sy<p where

(c+ 1)‘17"(;) +2)+ |n|(A - B)(1 —a) - ",—f’(l —a)(c+p)

V=N A= (c+ DZ(p+1)+[n|(A- B)(1-a)

The result is sharp for the function

n(A-B)(1-a)
[(k —p)(1 - B) +n(A - B)(1 - a)] (22)

p+l

@)=+

(22)
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Proof:

Let

f(z)=2P+ Z arz* € My(A, B,n,u,6,0,0,().

k=p+1

Then

F(z) = cte -fr_lf{'!)rff.(' > —p

~C
- ]

o
; c+p k
=2+ E ({—) m A_) biypz

k=p+1

In view of Theorem 1,we shall find the largest ¥ for which

<

c+p. t 2 +p
TR g #2202 [25042) o |nf(A - B)(1 = )] bete (et p
[el(A = B)(T - ) c+k

It is sufficient to find the range values of ¥’ for each k € N

1+0(k+p t 2 v+p - Ly t 9, N
[I—(‘flk ')] [_’013(/:‘ p) - |II|(_'\ - B)(1 - ";):I |I)k| (1‘ + 1)) ZL\,’,H {]—H-H(lj‘ ‘m} [“—HB(:-H]) + |n|(A - B)(1 - (1)] |bk+p\
<
[n|(A - B)(1 —7) c+k) = [n|(A = B)(1 - a) (23)

Solving for v in (23), we have

(¢ + k)22 (k +p) + [n|(A = B)(1 — a)(k — p) = E2(k +p)(1 — a)(c + p)

-~ 2

L (c+k)2(k+p) + n|(A— B)(1 —a)(k —p) (24)

Since the right hand side of (24) is an increasing function of k, putting k =1
in (24), we get

< (c+ 1)-"}’%(,& 1)+ |n|(A—- B)(1—-a)— '-",‘%(,,Jr 1)(1—a)(c+p)
b= (('—1)2§+”(])+2)+\11|(.4—B)(1—u]

This complete the proof of the Theorem.
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