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Abstract

This paper demonstrates the existence and uniqueness of a
local weak solution for the mixed problem (P). This problem
is described in Equation (1). To assess the existence of
global solutions, we used the Faedo-Galerkin method, the
Aubin-Lions theorem of compactness, and important
inequalities of functional analysis. Additionally, with

respect to the uniqueness of the global solutions, we used
the energy method due to the solution's regularity. We also
used some inequalities of functional analysis. We use
Nakao's lemma and some functional analysis inequalities to
treat the asymptotic behavior of the problem.
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1. Introduction
In this work, we study the existence and uniqueness of the decay of global solutions for the mixed problem, which is
represented by (P).

u' () — M(Fu(e) Plau(e) + M, (lule) Pule) + au'(t) = finQ
(P} ||ult) =0inE =T x Jo, TI (1)
ul0) =uy, ul0)l= u,inn

Here, {1 denotes an open limited of R™, where n = 1, and 12 has a smooth boundary 82 =I'. M e C L{[EI. :c]]l is a positive
function with additional hypothesis, and & = 0. For each real fixed number, however arbitrary, T = 0. @ denotes the cylinder
@ = 2% 10, T[ with the lateral boundary ¥ = I" % ]0, T[. Furthermore, —4 is the self-adjoint non limited operator that is
defined by the set of elements {Hj (12}, L*(2). a{w, )}, where

du drv
alu,v) = =22

dx; dx; &)
2. Notation and hypothesis
In what follows, we use (¢ -/ I-0 .1 ito denote the inner product and the norm in Hj (£2) and L* (12}, respectively. Considering the
space Hj(12) that is provided by the norm of gradient, if u(t) € Hj (1), then llu(£)ll = IFu(t)l. Therefore, we assume the

following hypotheses about M and M, .

H.1)M, M, € C*(0,=); R)
H.2)M(s) = mp = 0,¥s € 0,) A3)
H.3)M,(s) = m, = 0,vs € 0,)

3. Principal results

Consider the functions M and M, that satisfy hypotheses H,.H.andH,. If uy € Hy (2)NH>(2), u, € H} (2) and
f e L*(0,T: H}(17)), then we have T, = 0, 0 = T, = T and a single vector function u:]0, T[ —= L*(2) such that
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su(t) € L™0.Ty: Hy (2) n H*(2))

cu(t) e L™(0,Ty: HE (2)

su'(t) € L0, Ty L*(2))

o i{u'{t].v] + MUTu(e) FIAu (8, ) + M, Que)*0t) v) + @)
+lau (£).v) = (F(t).v)inD (0.T,);vv € H(12)

o u(0) = upu (0) =u,

Comments

The existence of global solutions will be proven using the Faedo-Galerkin method, the compactness theorem of Aubin-Lions,
and important inequalities of functional analysis. Further, the uniqueness of the global solutions will be proved using the
energy method due the regularity of the weak solution and inequalities of functional analysis (Frota and Larkin, 1997)[¢],
Meanwhile, with respect to the asymptotic behavior, we will use Nakao’s method (Nakao, 2025)%.

Approximate problem

We consider that {wJ} - is a complete orthonormal system of L*(12) that is constituted by the eigenvector operator of — and
4
{‘li'}_i'sru is the corresponding sequence of eigenvalues. For each m=1,2,3,..., ¥, = {wl. Wa W3 w Wip } is the subspace that is

created by Wy, Wa Wy v Wiy,
The approximate problem associated with (P) consists of finding a solution in the form

U (t) = gjm (Ele;(x) € ¥y
(5)

gjm and the class € * are determined to satisfy the following system:

(2t (£), 1) — My (V2 ()20 (A0 (£), 1) + M, (g, (B2 ) (8 ) 4 (o, (£),v) = (F(E). 1)
(PA) ||um(0) = ugy — upinH} (2) N H*(Q) (6)
um(0) = Uy — uyinHy (2)

¥wrelyand ¥ = L2, ....om

Here, gy, and u,,, are the approaches of u, andu,, respectively. Thus, here, u, € Hi (2) N H*(Q) and u, € H}(2).
Therefore, it is possible to approach finite linear combinations of w;, and there are constants e, and B, € E where
J = L2,....m such that

Ugm = LJL; @y w0y — ugpstronginHy (2) N H*(0)

and

Upm = LJe) Bjm wj — u,stronginHg (2) @)
Then, u;(0) = w5y, and u, (0} = .. Therefore, since there is a single linear combination of vectors ¥, it follows that

Fjm (0) =@, Gim (0) = iy 0 T1,2,..,m) (8)

Substituting (£} in (6) and using the fact of that {wj-} . is a complete orthonormal system in L*(12}, the following equation
4

is obtained:

(Z I () (), m.-{rl) - M(Vu, (&)%) (az Fjm (£)e; (x), m.-{x]) +
J=1 J=1

+ M, (ot (EY P HET ) gom ()0 () 07 (x)) + (@ BTy @i (e (), 05 (%)) = (F (£, 005 (x)) 9)

We make some calculations and transform the system (PA) in one system {f.-_ﬂlj as follows.

_Ngim = A MUV () P g (£) + My Uat () 1) g (8) + g (8) = (£ (E). 0 (x))
D Gim (0) = @, g (0) = B (G = L.2,...,m)A; = 4 (10)
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Matrix form

To simplify the system in (10), we write it in the matrix form using 4; = 4 and

Him
Hrm
X = g : (11)

,_'?i:r.rr.

We then obtained {PA}, using

5. 01 g {f; m].]
= ) i + (12)
A, (172 (1) — M, (Lt () P o)
Thus,
X =AX +B (13)
We reorganize it into this form:
N 4 T 4
=l =[] (14)
We obtain the form
X‘ ] — Bmxmimxm ] X [Ume]
= . + 15
LX + Blomw mocm Om sem Ly o [X]:rr.x]. Bl ., (s)

Thus, the system (P A) can be rewritten in following form:

Y'=DY +C =F(t.V)

X(0) (16)
=[]
(0) (0)
Next,
¥ = Ax +BD = Bmkmfﬂzxm ] V= [X] C= [Urr.xl] (17)
I R g X 2m =1 Brr.xj. mwl

We verify that the above system satisfies the conditions of Caratheodory’s theorem (Brézis, 1984)!!l. Therefore, it has a
solution (£} that is defined by 0 = £, = Tj,.

The a priori estimate implies that (£} is defined in the interval [0, T].
A priori estimate

First Estimate
Considering v = 2u,,” in the system(FA4),, we obtain the following result:

(O] + Nt (B2 <2+ 2 ()] dis (18)

By applying the Gronwall’s inequality (Lions, 1969)1),

i ()] + (012 < clcte) )
It follows that

()] < cp, lum(Oll S 2 vm vt €0.8,),  (20)
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Applying Caratheodory’s theorem can extend the solution () to the interval [0, T]. Thus, the sequences can be expressed
as follows:

() peggis bounded inL=(0, T; HE(2)) 1)

() egis bounded in L=(0, T; L2(12) ) (22)
Second Estimate
Consider 1 = —2Au,(t) in the system{ P4}, we obtain the following result:

lum@” + 80 = 2+ 2 [ [os) + 2] as (23)
Here,

¢() = |lum(®)” + 18un @)’ (24)
The inequality (23) can be rewritten in the following form:

By ke ot @)’

o) =+ [ [os) + 2 as (25)
Using Gronwall’s inequality, it follows that

¢(t) <k where, [lum ()" + 18unm(®F < k(cte) (26)

We observe that @(£} is continuous in the interval [0, T;]. Then, T, < T exists such that @(#) = k for all m and all t € [0, T, 1.
From the inequality (23), it follows that

lum (Ol = k., ¥m, vt € [0,T,] 27)

|Ary, (8] = k.wm, vt € [0.T;] (28)
Thus,

(uy) is bounded in L*(0, T, Hy (12)) (29)

(Au,,) is bounded in L*(0, Ty: L*(2)) (30)

Following the first and second estimate (i, ) and (A, ), we obtain that (i, is bounded in
L=(0.Ty: HE () N H () (31)

Third Estimate
Considering ¥ = 2u, (£} in the system {FA),, using the Cauchy-Schwartz inequalities and the elementary inequality Rivera,
2004) 131, and integrating from 0 to £, we obtain the following:

2 flum()["ds + |um(s)]” = & +2 lum(s)|"as (32)
It follows that

[lap )| ds < & (33)
Therefore,

{1} is bounded in L*(0, Ty: L2 (1) (34)

Passage to the limit
The previous estimates can be expressed as follows.
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(a1, (£))is bounded in L¥(0, Ty: HE (2) N H*(2)) (35)
(1, (£))is bounded inL™(0, Ty: HE (7)) (36)
(2 (t))is bounded inL>(0, Ty; L2 (127) (37)

Using the corollary of Banach-Alaoglu-Bourbaki (Carrier, 1945)1*! and observing that L*{0, Ty; L= (2}) is Hilbert, the following
is obtained:

wy, — uin L®(0, Ty HE () n H (1)), weak * (38)
=

Uy — win L#(0, Ty; HE (2 0 H2(2)), weak (39)
=

(A, w) — (Au, w), Ve € L0, Ty L2 (12)), weak (40)

We also have
uy, — uin L*(0,Ty: H} (1)), weak ™ (41)
ety — au inl®(0, Ty: HE (1)), weak ® (42)

Conversely, we can write

uy — u'inL2(0, Ty: L7 (11)), weak (43)
=
(2t ) = (', ), Yo € L0, Ty: L2 (2)), weak (44)
Convergences of M and M

According to the Aubin-Lions lemma on compactness (Hosoya and Yamada, 1991)7) taking By = H} (12) n H*{12} and
B = B, = Hj (1), implies the following:

u,, — ustrong in L7(0, Ty: Hi(2)) (45)
Using some results of functional analysis leads to the following convergence:

Ml (6317 = MUlu(e) 17, in [0, T,] (46)
Hence, it can be concluded that

MUl (P Gt (8,90 ) = MUt )1 (Gu£), ) ) in L2(0, Ty HE(42)) (47)

For the convergence of another nonlinear term, knowing that H (2}~ L*(12), we have

M, U ()Pt (£), 1) — M, (61D (e £), 1) inL2(0, Ty L2(2)) (48)

By multiplying (FA), by 8 € D(0.T,) and integrating 0 to To as 8()v € L*(12), according to previous convergences, when
m — =, we obtain

[ arup, (£, 8(£)0) dt — [ (au'(£), 8(£)v) dt (49)
[ (8), 8t dt — f1 "G (), 8(6)v) dit (50)
I8 Ut ()1 A2y (8, 810D dt — [ O U812 du(e), B(E)0) e (51
I, Cllatg ()] ) A (8, 80D dt — [0, (u(e)| (), B de (52)
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Thus, by taking the limit when m — =, using v € ¥,,, and holding m arbitrary fixed, we can express the following:

T

I3 "8 = MUlu() 1P Au(e) + My Cu () Phut) + au'(t) — F(£). v8(t))dt = 0 (53)

Knowing that the union of ¥,, is dense in L*(2} and the above equality above is valid when ¥v € ¥, and my < ==, it follows
that the equality is equal to v € L*(12). Furthermore, the set {v8; v € L*(2); & € L*(0,T,)} is dense in L*(2). Then,

137" (1) = MUlw() 1D 8u(e) + M, (D hu(t) + au'(£) — F(£), @) dt = 0,¥w € L2(12) (54)
Finally,

w =u (t) — MUlu)I?) dut) + M, Qu()*)ut) + au'(£) — £(£). Then, llwll 2,5, = 0 (55)
Therefore,

w = Oinf) (56)

This completes the proof.

Initial conditions _
This section proves that w07} = u, and u (07 = u, through the following demonstration. From previous results, we know the
following:

u € L*(0, Ty: HA () N H* (1)) (57)
u' € L*(0, Ty HE (D)) (58)
u e L*0, Ty: L2 () (59)

Using the results of the regularity, it follows that

u e €U0, T,): H (1)

)
u g C0, Ty ) L3 (M) (60)

Thus, it can be concluded that u € C*([0,T,]. L*(2)). Therefore, it makes sense to calculate %(0) and u {0). Consider
g e c*([0.T,]), 8000 = 1,8(T,) = 0 and v € H:(12). First, we calculate u{0) = u,. We know that

uy — u in L0, Ty HE(12)) (61)
and
(i @)) = ((u.w)), Yo € L*(0, Ty: HE(12)) (62)
We take w(t) = 8(t)v with 8(t) € L*(0, T ) and v € H3(12) and integrate 0 to 7). After integrating it by parts, we obtain
(g (00, )) = [ (Capn(£), 1)) B ()t — —((w (0), ) ) — [ (Cu(t).v)) 8 (£t (63)
From the convergence in (38), the following result is obtained:
T

[ (Cup(8). 1)) @dt — [ (Cu(e). v)) pdt, ¥v € Hi(Dandve € L1(0) (64)

Lebesgue's dominated convergence is used to obtain the following:

((um (00, 1)) — ((u(0), 1)) (65)
It follows that
U (0) = Ugy — uginH; (12) N H2(2) “H(2) (66)
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Then,
((um(0). 1)) = ((up.v))wr € H3(2) (67)
Therefore,
u(0) = u, (68)

To show that u (0} = u,, we us the convergences in (39)—(40). Analogously, we obtain

((um(0),v)) = ((u, ) vr € L2(10) (69)
Therefore,
u(0) =u, (70)

In the next section, we will prove the uniqueness of solution to achieve our goal.

4. Uniqueness of solution

Theorem 1 (Uniqueness): The problem (P) has a unique solution

Suppose that  and w are two vector functions that are defined using [0.T,] in L*(22) such that they are solutions of (P)
according to the conditions of the main Theorem 1. Considering #{t} = u{t} — (£}, we obtain the following:

re L*(0.T,; H:(2) n H2(2)) (71)
r' e 1*(0. T HE () (72)
r" e L™(0, Ty: L2(2)) (73)

Considering that {u(t}, & (t)} are solutions to the problem (P), then
u'(t) — MUluce)I*)au ) + M, Qu(e)Plu(t) + au'(t) = (74)
w'(t) — MUla(t)lPdw ¢) + M(la(6)Pa(t) + aw'(t) = f (75)
Adding and subtracting the terms M {(lu(£}I*JAew (£) and M, (lu(t)* e (£} in (74)—(75) implies that

v (£) = MUlu(®IPare) — (MUu)1?) = MUloI?)de &) + M, (lu(a1rH +
+(M, (ue)2) = M, U () PN e(t) + ar'(t) = 0 (76)

Because M; £ € *0.22), using Mean Value Theorem, according to the regularity of the solution that is obtained, and associating
with 2r (t) in L*(0. Ty : H3 (12)) in (76), the following is defined:

IZ'I . i d I!i B 2

— @ + MA@ — @)1 + 4, (@) — o)l + 22l @I =

2M (£ luce)l1? — leqe)l*1(ae &), r'(8)) — 20, (E) Hue)* — le(e) *1 e (). »'(£)) (77)
By Using the inequality of Cauchy - Schwarz in the second part of (77), we obtain

Llr@l + MU I @12 + M, (@) 2 )l + 28l @) <
2|l M ED a1 = lw@lPlldw © 1)) + 2|MElu@)® — lo@®)I o)) (78)

We note that

Mueyll* = lea(e)*] = Wuce)ll + leo @ M)l = le @) < &, e )
Nu()? = le(O)F] = [lud)] + le||le )l = le @] = ko)l (79)

Substituting (79) in (78) and using the definition M; € € *0,%), we obtain
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L@l + MU= 1D Sl @1 + 4, (@) L @) + 2a]7 @ <

2ok, llr )l 7' @®) | + 26,k lr ()| (2] (80)
Where
[a'Cg 140 ()] < ¢ and |M; (E)| 14w (O] < ¢, (81)

By applying the elementary inequality 2ab < a* + b* and using ¢; = ¢k, + ¢, k, in the second part of (80), we obtain
g . 2 ., ., ., . e ., . .
E[I?‘ &) + MU 120 (5112 +MLEIu(t]I-]Ir(t]I-] +2allr' @l = e [llr(t]ll' +lr@®)* + || ] +

31 U@ 192 | Cegey.n' @) )| )l + b Q) ) [20 ). 2 @) ) I (82)

We again use the Cauchy-Schwartz inequality in (82) and observe the limitations of the terms for

lug) 2, ka2 [l @ Mg U 12)] and | ) 12))] (83)
Where
e, = |M U D] 20l 1l @
ay = M Qu®D[21u®1]a'()] (84)
¢, = maxies, 2a,, 2a.}
Hence,
L@l + MUu@ I + M, GO @] £ 0 [In©I2 +Ir @)1 + @] (85)

By integrating the inequality in (85) from 0 to ¢ and using the hypothesis of M; € € *0,2), the following is obtained.
@l + molr @I + mylr) < e [y [lr@IE + Ir()1® + ') [ ds + ¢, (86)

By substituting m, = min{l.mg m,.} into inequality (86) and making some algebraic manipulations, we obtain the
following:

@l + @17 + bk ©F < & 45y [l +Ir©)F + ') ] ds (87)
Conversely, using Gronwall’s inequality in (87), we deduce that

@I + I + Ir@)l = (89)
This implies that |+(£}| = 0, and thus (£} = 0. Therefore,

u(t) = w(t), vt € [0, Tp] (89)
5. Exponential decay
Theorem 2 (Exponential decay)

The solution of the problem (P) decays exponentially when £ — ==. Then, there are positive constants & = Oand 4 = 0 such
that

E(t) < AE(0)e™%, whereE () = 2[|u' )] + MUlu(t)1®) + M, (lu(t) 1) (90)

Where E (t) is the energy associated with the problem (P) if Uisa global solution of the problem (P).

5. 1. 1. Demonstration: .
We compose the first equation of the problem (P) that is shown above usingy = u ().

(" (), u () — MUla()I) (Au(e),w (¢ + M Ou @) i) u' (@) + (eu' E. ') = 0 (91)
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Now, if we consider

-~ a

M (1) = [, M; (s)ds
it follows that

L@l + MUu@I?) + M, (u@©P)] +alu'®] =0
Finally,

L

d , .
SE@® +alu'(n] =0

(92)

(93)

(94)

This means that the energy of the problem (P) is decreasing. By integrating (94) from 0 to ¢, the following equation is obtained:

T

Et)+a [ lu'(6)] ds = E(0)
By integrating (94) from ¢, to t2 with 0 < ¢; < #,, the following equation is obtained:

f: ¥ Z

E(t) +af fu'@®] ds = E@t)ve =0

Therefore,
t+ly - 2 . n

J; |u {t]| ds = n'{E'{t] —Elt+ l]} = aF(t)*"

Using the mean value theorem for integrals, we can observe that there exists two points

toe[te+3]ande, e[t 42,6 41]

such that
Hu'el = [ w'el < aFe? = el < atF ()2
and
tel = [Elwel < aF@? = W)l < atF ey

It follows that
lw'enll” = atF(6)? = [u'en) | = Va2F(e), 1 =12

By using ¥ = u(t} in the first equation of the problem (P) and integrating from ¢, to £, it gives the following:
t, = . , Bz
[ M(hﬁﬂ"ﬂﬂuﬁ]wds+J~ﬂhﬂuﬂﬂﬂhﬁﬂfds={u{hluﬁﬂ]—{u{hluﬁﬂl—ﬂ (u (E)u(t))ds
t t

1 r‘:I

By using the Cauchy-Schwartz and Elementary inequalities, it follows that
M (|l Y| dts + [ 1, ([ Yuco)[* ds < sup ess {Ju)| [ @[]+ )]} +
4 4 1<s<t+
1 % UNT 1 % 2
+Ea;‘:|u (t)| ds + 5 a!|u(t)| ds

Noting the immersion Hj (12) ~L*(1) and |u' |£ =y || u ||:_,n. , it follows that

(95)

(96)

o7

(98)

99)

(100)

(101)

(102)

(103)
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[ M (o Ve s + [ 1, (juCO e s < e, sup ess [u(s)| JeF 0+

+(%clajj|

u’(t)||2ds + % aj |u(t)|2ds

(104)
By using the hypothesis about M and M; and grouping the terms, we obtain the following:
b 2 b 1 2 1 2 2
jmo ||u(z‘)|| ds + J(ml —— aj|u(t)| ds <4c, supess Du(s)HaF(t) + (—claj“|u'(t)|| ds
4 4 2 t<s<t+l 2 4 (105)
By using m; = %, we have
2 2 2 1 5
kjl:”u(t)” + |u(t)| :Ids < 4c,asup es;s [|u(s)|]F(t) + Ecla F (@)
7 I=s<t+ (106)

Here, & = min {mn. (m 1 — £n')} By again using the immersion Hj (12) =1 (2)and making some algebraic manipulations, we

can obtain

r+1
supess E(s) < E(t") +« I |u'|2 ds
t<s=<r+1 7 (107)

Then,

supess E(s) < c F(t)* + 51 sup ress E(s)

t<s<t+1 ml t<s<t+1 (108)

Finally, it is concluded that

[1 _ ]sup ess E(s) <c F (1)’
om,

t<s<t+1 , where m, 2% (109)
Conversely, we can observe that
2
supess E(s)<c,F(t)" =c, (E(t) —E(t + 1))
t<s<t+1 (110)
Where
c c cg8m
'5'.‘=|"L_E'_"|= n‘.'mﬁ-l =E:L|—IL:}D (111)
" Gy fmy
Using Nakao's method, we conclude the following:
E(t) = AE(0)e~% vt = 0 (112)

where A and dare positive constants.

6. Conclusion
The presented methodology was able to propose a global solution for the Non-Linear Kirchhoff — Carrier Type Equation with
Dissipation.
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