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Abstract

Al-Thagafi and Shahzad introduced occasionally weakly values self-maps in fuzzy metric space without addressing
compatible mapping in 2008. In 2011, S. Chauhan and S. space completeness. Our paper generalizes S. Chauhan and
Kumar developed a common fixed-point theorem for S. Kumar applying eight self-mappings of a complete fuzzy
occasionally weakly compatible mapping for four single metric space in rational contraction.
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1. Introduction

The most comprehensive subfield of the nonlinear functional analysis is known as fixed point theory. Stefen Banach 1), a
Polish mathematician, presented the contraction principle in 1922, which he used to prove the existence and uniqueness of the
fixed-point theorem in metric spaces. This brought about a significant change in the field of mathematics, and other scholars
are currently working on this topic in a variety of different methods (see, [!% [141: [18l. [4 etc ) First and foremost, in the year
1965, L. A. Zadeh ?Y presented us with the fuzzy set. The fuzzy metric spaces were subsequently established by Kramosil and
Michalek ['1 in the year 1975. Osmo Kaleva, Seppo Seikkala [®! in 1984 proved the fixed point theorem in fuzzy metric spaces.
This was generalized in a different approach by Veeramani and George P! in the year 1994. Gregori and Sapena ! generalized
George, Veeramani, Kramosil, and Michalek fuzzy metric spaces in 2002. Various writers have introduced fuzzy metric spaces
in multiple methods (see, > [} [12] etc.). Al-Thagafi and Shahzad [ introduced the notion of occasionally weakly compatible
mapping in 2008. Then, in 2011, S. Chauhan and S. Kumar B! proved a common fixed point theorem for occasionally weakly
compatible mapping for four single values self-maps in fuzzy metric space without considering space completeness. Our paper
generalizes S. Chauhan and S. Kumar ¥ by using eight self-mappings of a complete fuzzy metric space in rational contraction.

Definition 1.1: 5] A triangular norm or t-norm * is a binary operation on the unit interval [0, 1] such that for all p, g, 1, s € [0,
1] and the following conditions satisfied:

Mp*1=p

@)p*q=q*p
B)p*q=<r=*swheneverp<randq<s
@ P*q*r=p*(q*r)

Definition 1.2: 1 The three tuple (Q, M, *) is said to be a fuzzy metric space if Q is an arbitrary set, * is a continuous t-norm,
and M is a fuzzy set on QxQx(0, o) satisfying the following conditions:

()M (u, v, 1) >0,

QM (v, t)=1© pn=v,

(3) M (p': v, t) =M (Da M, t)’

@AM (p,v,t) * M (v,0,8) <M (u, 8, t+5s)

(5) M (u, v,.): (0, ©) — [0, 1] is continuous where p, v, 0 € Q and t, s> 0.

Definition 1.3: B Let (Q, M, t) be fuzzy metric space then,
(1) A sequence {H,},enconverges to u € Q if limn—oo( By, p, t) = 1 for every t > 1.
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(2) A sequence {H,},enin Q is said to be Cauchy if, for each 0 < € < I, there is "y € N such that M(H,, B, t) > 1 — ¢ for all n,

m > ", where t > 0.
(3) If every Cauchy sequence is convergent, then (2, M, *) is complete.

Definition 1.4: ') Let Q be a nonempty set. Two mappings A, B: Q — Q are said to be weakly compatible if ABu = BAp for
all p € Q such that Ay = Bp.

Definition 1.5: [ If the A, B self-map of a fuzzy metric space (Q, M, ) are said to be occasionally weakly compatible if and
only if there is a point p € Q which is a coincidence point of A and B at which point A and B commute.

Lemma 1.6: "3 If p, v € Q and for a positive number k < 1, and M (u, v, kt) > M (u, v, t) then p =v.

Lemma 1.7: ! Let A, and B occasionally weakly compatible self-maps of Q. If A and B have a unique point of coincidence,
= Ap = Bo, then o is the unique common fixed point of A and B.

2. Main Result

Theorem 2.1: Let A, B, C, D, E, F, G, and H be self-mapping of a complete fuzzy metric space (Q, M, *) satisfying the
following conditions:

(1) (GA, CD) and (HB, EF) are Occasionally Weakly Compatible.

(2) Ap=4p, Bu =58y forall un € Qand (G, A), (H, B), (E, F), (HB, F), and (D, GA) are commuting pairs.

(3) For y: [0, 1] — [0, 1] and there exists k € (0, 1) such that

M(CDp, EFu, t), M(CDy, GAp, £}, M(CDp, HBv, t),
M(CDu, GAp t) + M{CDy, EFu, t)

 MUGAp, EFu, t,
1 + M(GAW, EFu, 1) (GAp. EFv, 0
M(GAu. HBu, kt) = aM(CDp, GAw £} + BM(HBw, EFu.t) + yM(GAp, EFu.t)
a+ B+ yM(HBv, CDp, t) '
aM (GAp. HBu,t) + BM(HBu, CDw.t) + yM{GAp, EFu.t)

atBty (1)

Where pu, ¥ € Q and a, B,y > 0 but a+f +y# 0. Then A, B, C, D, E, F, and G have a unique common fixed point.
Proof: (GA, CD) and (HB, EF) are Occasionally Weakly Compatible, let there exist points {, | € Q such that GA{ = CD( and
HBn = EF 1. By inequality (1), we have

M{GAZ, HEn, t), M(GAZ, GAZ. t), M(GAZ, HEn.t),
M{GA7, GAZt) + M(GA7, HBn.t) ( )
T T MGAL HBn, 0 , M(GAZ, HEn, t),
M(GAZ, HEn, kt) = s { aM (GAZ, GAZ.t) + BM (HBn, HBn.t) + yM(GAZ HBn, t)
a+ B +yM(HBn, GAZ t) '
aM(GAT, HBn.t) + BM{HBn, GAL, t) + yM(GAZ, HBn, t)
at+B+y

M(GAZ, HBn. t), 1, M(GAZ, HBn. t),
M(GAT, HBn. t),
a+ B+ yMI(GA7 HBn.t)
o+ B+ yM{HBn, GALt)
aM (GAT, HBn, t) + BM(HBn.GAZt) + yM(GAZ HBn.t)
a+B+y

M(GAZ, HBn, kt) =

M(GAZ, HBn, t), 1, M(GAZ, HBn. 1),
M(GAZ, HEn. 1),
a+ B+ yM(GAZ, HBn.t)
o + B+ yM(HEn, GAT.t)
(a+ B+ y)M(GAT7, HBEn.t)
a+f+y

M(GAZ, HBn, kt) =

M(GAT, HBn. kt) = ¢{ M(GAZ, HBn,. t), 1, M(GAZ, HBn, t), M(GAZ, HBn, t), 1, M(GAZ, HBn. £)}
= M(GA7, HBn, kt) = M(GAZ, HBn, kt)

Therefore, GA{ = CD{ = HBn = EF n. Let I' € Q such that GAT = CDI then by inequality (1) we have GAI' = CDI' = HBn =
EF n. So GA{ = GAT and GA{ = EF { = o are unique coincidences of GA and EF then by lemma 1.7, ® is a common fixed
point of GA and EF. For Uniqueness let there be another fixed point m* such that ® # o+ then by inequality (1) we have

M(CDw, EFes*.t), M{CDw, GAew, £), M(CDew ., HBw" .£),
M{CDw. GAw.t) + M(CDw,.EFw’.t)

1+ M{GAw,EFw*,t)
M(w, w*kt) = M(GAw, HBw" kt) = ¢ { @ (CDw,GAw. t) + BM(HBw" EFw’.t) + yM(GAw, EFw’,t)

a+p+yMHBw", CDw,t)
aM (GAe, HBw*,t) + BM(HBw*,CDe. t) + yM(GAew, EFcw*, t)

a+B+y

. M(GAew, EFw”,t),
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Mo, t*, t), Mg, 0, 1), M{es, ea® 1),
Mew, e, £) + Mlew, @, t)

1+ Mlw, w t)
=y aM e, @, t) + PM(w*,w*.t) + yMlew, w®.t)

a+ B+ yMlew®, w.t)
oMleo, oo, ) + BM e . t) + yMlw, w*.t)

a+B+ vy

Mo, 0, 8),

M, e®, 1), 1, M{ea, 0™, 1),

1+ Mlw, *,£) ( -9
T+ M@ e p et

= a+ B+ yMlw, @t

o+ B+ yMlw®. . t)
(a+ B+ v)Mw w8

a+B+y
= P{ Mlw, ", ), 1L, Mw, @°,£), 1, M{w, w*, 1), 1L, Mw, ©*, )} = Mo, o kt) = ¥ Mo, @* kt)

By the lemma 1.7, we get ® = o*. Hence, o* is a common fixed point of GA, CD, HB, and EF. Since (G, A),(H, B),(E,

F),(HB, F), and (D, GA) are commuting pairs, and Ap = A u, Bu = B~ p for all p € Q this implies that m* is a common fixed
point of A, B, C, D, E, F, G and H.

Theorem 2.2: Let A, B, C, D, E, F, G, and H be self-mapping of a complete fuzzy metric space (2, M, *) satisfying the
following conditions:

(1) (GA, CD) and (HB, EF) are Occasionally Weakly Compatible.

2)An= A u, Bu= B* p for all p € Q and (G, A), (H, B), (E, F), (HB, F), and (D, GA) are commuting pairs.
(3) For y: [0, 1] — [0, 1] and there exists k € (0, 1) such that

M(CDp, EFu, t), M{CDp, GAp. t), M{CDp, HBu, £},
M(CDp. GApt) + M{CDp, EFu, t)

1 + M(GAp. EFu.t)

M(GAy, HBu, kt) = dmin { M (CDw, GAw,t) + BM(HBv, EFv,t) + yM(GAW EFv, t)
o + B+ yM(HBv, CDw.t) '

oM (GAp. HBu. t) + BM(HBu, CDw t) + yM(GAu, EFu.t)

atB+y (2)

. M{GAp, EFu,t),

Where p, v € Q and a, B, y >0 but o+ +y# 0. Then A, B, C, D, E, F, and G have a unique common fixed point.
Proof: (GA, CD) and (HB, EF) are Occasionally Weakly Compatible, let there exist points P+ & € £ such that GAP = CDP and
HBY = EFY. By inequality (2), we have

M{GAp, HBES, t), M(GAp, GAp, t), M(GAp, HBS, 1),

M(GAp. GAp.t) + M(GAp HBG.t)
1 + M(GAp, HBS. 1) -M(GAp, HES, D).

M(GAp, HBS, kt) = min { oM (GAp, GAp,t) + BM(HBG, HBG, t) + yM(GAp, HBG, 1)

o+ B+ yM(HBG, GAp. t) '

aM(GAp, HBGS, t) + BM(HBS, GAp.t) + yM(GAp, HBG.t)

at+B+y

M(GAp. HBS, t). 1, M(GAp. HBG. t),
M(GAp, HBS, 1),
a+ B+ yM(GAp HBEG. D)
o+ B+ yM(HBS, GAp.t)
oM (GAp. HBG.t) + BM(HBS,GAp.t) + yM(GAp, HBG. )

a+B+y

M(GAp, HBG, kt) = Ymin

M(GAp.HBS, ), 1, M(GAp, HBG. t),
M{GAp, HBG. ¢,
o+ B+ yM(GAp.HEG. t)
a+ B+ yM{HBG,GAp.t)
(x+ B+ yI)M(GAp.HBG. €

at+p+y

M(GAg. HBG. kt) = ymin

M(GAp, HBS, kt) = ymin{ M(GAp, HBG, ), 1, M(GAp, HBG, t), M(GAp, HBS, t), 1, M(GAp, HBS, t)}
= M(GAp.HBG kt) = M (GAp. HBS kt)

Therefore, GAP = CDP = HB® = EF9. Let I"€ Q such that GAT” = CDI" then by inequality (2) we have GAT* = CDT” = HBS
=EF%. So GAP = GAT" and GAP = EFP = © are unique coincidences of GA and EF then by lemma 1.7, @ is a common fixed
point of GA and EF. For Uniqueness let there be another fixed point ©" uch that @ # @ then by inequality (2) we have
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M(CDe, EFe*,t), M(CDA, GAR, ), M(CDO, HBO", £),
M(CDe, GA®.t) + M(CD@,EFO",t)

1+ M(GA®.EF@*.t) ‘M(cae, EFe".0),
M(@, 0", kt) = M(GAG, HBO", kt) = ymin { oM (CDO,GAG. t) + BM(HBO".EFe".t) + yM(GA®.EFO".1)

« + B+ yM(HE©",CDO,E)
aM(GAG, HBO*, 1) + BM(HBO",CDO.1) + yM(GA®, EF@*.£)

at+f+y

M(g, e 1), M(e,0,t),M(0,08",1),

Mi@,e,t) + M@, et ©.6°0

1+ Mi@.e%.1 M8, 87,
= ymin 4 M (8, 6.t) + pM(0",0".0) + yM(B, 8".1)
o+ B+ yMe*.et '
oM@, 0°t) + pM(D*, 0,1} + yM(D, 8%t

at+pP+ vy
M0, 8%,t), 1, M8, 8% 1),
1+ M(8,8% 1) ©.0°.9
14 M@, 8%t M8, 6%,

= Ymin a+ B+ yMie 8o
a+ B+ yMeot "
(a+ B+ yIM(B, 01

at+P+y

M(B, 8%, kt) = ymin{ M(B, 8,1}, 1,M{B, 0",1), 1, M(B, 8",8), 1, M(8,8".£)} = M(0,0".kt) = ¢ M(0, 0", kt

By the lemma 1.7, we get ® = ©°, Hence, @'is a common fixed point of GA, CD, HB, and EF. Since (G, A),(H, B),(E, F),(HB,
F), and (D, GA) are commuting pairs, and Ap = 4 p, Bu = B*pu for all p € Q this implies that @"is a common fixed point of A,
B,C,D,E, F, G and H.

3. Conclusion
In this paper, we generalize the work of S. Chauhan and S. Kumar by applying eight self-mappings to an occasionally weakly
compatible mapping of a complete fuzzy metric space in rational contraction.
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