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Abstract

The rapid development of modern nanotechnology in
industries and medical area have brought about the idea of
mixing more than one nanoparticle in a base fluid which is
called hybrid nanofluid. Hybrid nanofluid enhances the
thermophysical properties of flow better compare to
nanofluid. The main object of this study is to examine the
thermal performance of hybrid nanoparticles on radiative
flow with slip boundary condition under the influence of
Riga Plate. This lead to a mathematical flow model in terms
of highly non-linear partial differential equations (PDES).

conditions were reduced to ordinary differential equations
(ODEs) using a suitable similarity variable. The resulting
non-linear system of equations is then solved using
Chebychev Collocation Method with the aid of Mathematica
11.0 software. It is found that the heat transfer rate of the
hybrid nanofluid is higher as compared to the nanofluid. The
imposed magnetic field of high strength is a better tool to
control the motion of hybrid nanofluids inside the boundary
layer. Thermal radiations and slip parameter are observed to
be beneficial for thermal enhancement for both hybrid and

The partial differential equations and their boundary nanofluids.
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1. Introduction

The utilization of magnetic fields in technological processes has garnered immense interest in recent years, owing to their
potential in improving the efficiency and effectiveness of various industrial processes. In this regard, understanding the thermal
mechanism in magneto-radiated systems is of significant importance in enhancing the potential applications of these systems in
various technological processes. The quest for efficient heat transfer methods has led to the exploration of nanofluids, fluids
containing suspended nanoparticles. This research focuses on a specific type of nanofluid; a hybrid nanofluid (hnf) composed
of Fe304 (magnetite) and Ag (silver) nanoparticles suspended in ethylene glycol. Ethylene glycol, a common coolant, plays a
crucial role in transporting heat within the fluid. Zeeshan et al. (2023) 1, demonstrated the role of nanofluid and hybrid
nanofluid for enhancing thermal conductivity towards exponentially stretching curve. The research investigates the thermal
mechanism within this hnf when subjected to a modified magnetic field and external radiation, the combination of a magnetic
field, radiative heat source, and the unique properties of FesO4 and Ag nanoparticles is expected to influence heat generation
and transfer efficiency. Understanding this mechanism will pave way for applications demanding precise temperature control,
such as targeted drug delivery, microchip cooling, hybrid-powered engines, cancer therapies, geothermal power extraction,
industrial cooling and thermal management in microfluidic devices. Xuan et al. (2022) 2! worked on guideline for selecting
appropriate mixing ratio of hybrid nanofluids in thermal management system.

Magnetohydrodynamics is an investigation of electrically conductive fluid motion subjected to the external magnetic field. A
magnetic field regulates the convective heat transport and fluid motion. However, it depends upon the geometry of the problem
and flow conditions. Magnetic field is used in many applications like MRI, metal processing, geothermal and nuclear reactors,
float glass, nuclear and power plants etc. A number of research work is done on MHD fluid flows. Awais and Salahuddin and
Awais (2024) *? described the chemical reaction and viscous dissipation effects on MHD cross flow over a paraboloid surface
and computed the numerical solution. They observed that the magnetic field strongly decelerates the fluid velocity in flow
regime. Ali et al. (2023), analyzed the physical properties of the MHD Blasius and Sakadias flows with different physical and
thermal effects. They computed the numerical solution with finite element method and observed that the magnetic field,
thermal condition and radiation phenomena enlarges the flow temperature significantly.
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Ramzan et al. (2022) % considered the variable viscosity effects on the flow of MHD hybrid nanofluid containing dust
particles over a needle with Hall current and the analytical solutions for flows of casson fluid with slip boundary conditions.
The equations governing the flow of Casson fluid are non-linear in nature. Analytical solutions of the non-linear governing
equations with non-linear boundary conditions are obtained for each case. The effect of the various parameters on the velocity
and volume flow rate for each problem is studied and the results are presented through graphs. It is observed that, the presence
of Casson number decreases the velocity and volume flow rate of the fluid. Increasing of slip parameter increases the velocity
and volume flow rate in both Poiseuille and generalized Couette flows. Pattnaik et al. (2023) ! considered heat transfer
analysis on Engine oil-based hybrid nanofluid past an exponentially stretching permeable surface with Cu/Al>O; additives and
unsteady two-dimensional Casson fluid flow over a stretching porous medium and employed with the shooting method for the
numerical solution. It was observed that both the flow and heat transfer characteristics are altered for different values of the
governing parameters such as unsteadiness parameter, Casson parameter, and Prandtl number. Mate et al. (2023) 8
investigated the thermal radiation effect on non-Newtonian Casson Fluid through a Porous Material over a magnetic field with
buoyancy.

The suitable similarity transformation variables were employed to reduce the governing equations to non-linear ordinary
differential equation. The Chebychev Collocation Method with the aid of Wolfram Mathematical software were employed to
solve the resulting non-dimensional couple equations numerically. The study shows that velocity enhances as thermal and mass
Grashof number is increase.

Ali et al. (2023) highlighted the mixed convective flow of hybrid nanofluid over a heated stretching disk with zero-mass flux
using the modified Buongiorno model. The mathematical analysis of Casson fluid flow with energy and mass transfer under
the influence of activation energy from a non-coaxially spinning disc were reviewed. A nonlinear sequence of partial
differential equations was used to describe the phenomenon. The modeled equations were reduced to a non-dimensional set of
ordinary differential equations (ODESs) using similarity replacement. The obtained sets of ODEs were further simulated using
the parametric continuation method (PCM). The impact of physical constraints on energy, concentration, and velocity profiles
are presented through figures and tables. It should be noted that the effect of the Casson fluid coefficient, the Grashof number,
and the magnetic field reduces the fluid’s primary velocity contour. The mass transfer field decreases with the action of
constructive chemical reactions, but is augmented by the effects of destructive chemical reactions. The accelerating trend in
Schmidt number lowers the mass profile, while it is enhanced by increasing values of activation energy and Soret number.
Hemmat et al. (2019) % studied Experimental investigation of effective parameters on MWCNT-TIO 2/SAE50 hybrid
nanofluid viscosity and MHD effects on heat transfer over stretching sheet embedded in porous medium with variable
viscosity, viscous dissipation and heat source/sink. The symmetry groups admitted by the corresponding boundary value
problem are obtained by using Lie’s scaling group of transformations. Similarity variables where used to reduce partial
differential equations of the governing equations into self-similar non-linear ordinary differential equations. Numerical
solutions of these equations are obtained by Runge-Kutta fourth order with shooting method. It was observed that the velocity
profiles decrease with the increase in permeability parameter while temperature profiles increases with the increase in
permeability parameter.

Jamshed et al. (2021) %1 studied the Casson nanofluid and examined the results for entropy and heat transport under solar
thermal radiations. Sajid et al. (2023) [ studied the second law for a parabolic trough surface collector (PTSC) located inside
solar aircraft wings, by taking the homo/heterogeneous reaction. Kashi et al. (2020) formulated the model for Cu-Al,Os/water
hybrid nanofluid using the single-phase technique and reported a detailed analysis. Recent investigations were revealed in the
studies by Adnan et al. (2022a), Adnan et al. (2022b), Adnan et al., (2020), Adnan et al., (2022c), Adnan et al., (2022d), and
Ahmed et al. (2017) 1,

2. Problem development

2.1 Problem statement and geometry

Considering steady 2-dimensional, non- Newtonian Casson hybrid nanofluid flow through a stretching surface embedded in
Darcy-Forchiemer porous medium. The Riga plate with current density j,, magnetization M is place at boundary layer along
horizontal direction to provide modified magnetic field. The space consists of highly permeable stretching porous medium
packed with Casson hybrid nanofluid consists of Magnetite,Fe304 and Silver, Ag dissolves in Ethylene Glycol, (C2HsO5) as a
base fluid. The modified magnetic field supply the Lorentz force which control the fluid flow along the surface by reducing the
hybrid nanofluid friction and pressure. The Riga plate also aids the delay of boundary layer separation and the reduction of
turbulence impacts. The hybrid nanofluid fluid velocity components along (x, ¥) directions are denoted by (u, 1) respectively,
where y axis is orthogonal to the surface andx - axis is along the stretching porous medium, and the stretching velocity is
represented by u,, (x) >0.

The schematic diagram of the flow geometry is show in Fig 1.
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The proposed boundary conditions for this problem are defined as (Mate et al. 2024)

u = u'l-'l-"v = L.:l-'l-"r = :_r;_"“ﬂtjl' = U'} (4)

u=0=T-=T, a5y = x

The quantities appearing in the aforementioned governing laws are 2 (radlatlve heat flux), Vs (Kinematic viscosity), phnf

(Density), knnt (Thermal conductivity), {_.::c_ﬂ} (specific heat capamty at constant pressure of the hybrid nanofluid), M

(magnetization of the electrode, Jo (current), annt (Thermal diffusivity), and Bo (Uniform magnetic field. The generalized form
of above models and other thermophysical properties for ordinary nanofluid and hybrid nanofluid are provided through Table
1.

Table 1: Thermo-Physical properties comparison between nanofluid and hybrid nanofluid
These are the thermophysical characteristics of THNF:
Viscosity:

-25 _ -25
Hegrinng) = #f(l - ¢Ag) (1 — prezos) 2'5(1 - ¢Ag)
Density:

p Zé(nvihnﬂ:ﬁf{ — Pag) [(1 Prezos (1 — dag) + ¢Ag + Presos 2 ] + ¢ag p;;g}

Heat Capacity:
(P p
(1 — Presoa) (1 — dag) + Pag (e,
(1 - ¢Ag) (pr)F o
(PCP)(n-ihnf):(pCP)f Presoa W s
(Pep) pg
Ag (pep)s

®)

Electrical Conductivity:
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(1+2¢pe304 )OFe0a +(1—2¢PFea04 )Unf)
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Tlrinnf) _ ((1+2¢‘Ag)UAg+(1_2¢'Ag)a(dihnf)) Ogdinnf) _ (

T(dihnf) (1-¢agloag+(1+dag)oainns) Onf

Inf ((1+2¢}Ag]crAg+(1—2¢>Ag]5f)
af (1_¢‘Ag]GAg+(1+¢Ag)Gf ’

Thermal Conductivity:

(kF9304 +2Kp ~2Ppe30s (Knf—Kreaos ))

Kitrinng) _ (kAg"'Zk(dihnf)_2¢Ag(k(dihnf)_kAg)) Riginnf) _
’ Kpezos +2Knf+Prezos (Knf—Kreaos)
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Bng _ (kAg”kf—Z%g(kf—kAg))
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Here subscripts f stands for fluid, bf for base fluid. Numerical values of thermophysical properties of base fluid (water) and
nanoparticles (Iron oxide and copper) are provided in Table 2.

Table2: Thermo- physical properties of hybrid base fluid and nanoparticles

Physical properties C2HsO2 Ag FesO4
k
(—f] 11135 4970 4970
"]
c, (kﬂ—k] 2430 385 700
W
k (—] 0.253 401.0 3.7
m:+ k

Similarity rules
The following similarity equations are designated to perform the dimensional analysis of the model:

I _TT. _dw 3y
1= 5 S Viptexf ) 80 = — =2t v = -4 (6)

The variable dynamic viscosity and thermal conductivity given as:

.“."!r!f{r:l = ."-"."!r!_,r":]- +&; — & E]
K"m,r'{r:l = K."!r!f{l +&y — E.tg]
2140 -T))e=eT-T)

& &

()

Incorporating the similarity transformation in (6) and (7), equation (1) is identically satisfied.
Also, after using the above-defined transformations, the momentum and energy equations transformed into following form:

. 1 g 2 _
(l +_) [(1 + e —eg) ™ —eaf 0] — @a@af" + @apafft + ¢ pcZe™™ +

Py (1 +§){1 +e— 58 f — @u@sFft =0 8

= 1 £y PepcfO’ | pedd 1 4 L) reaeaf) | INAE PPy poem L 7=

61 + £,66% + 5,67 + P P65 L p (1+3) S A TRt + —PrFsEcf =0 (9)
The derivative with regard to 7 is denoted by the prime that goes with each profile and
the boundary condition (4) becomes:

g, L . .
fO =570 =¢+(1+3).60) =190 =1
(10)

fHe=) = 0,8() = 0.9(=) = 0

. ey + (m — Dk — Gm — D, (ks — kyy )
i f = Hf *® #
- ! kg + (m _'J-]k,r' + ‘P:{kf - k.s].}
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The following are dimensionless parameter from the equations:
. Cplf. TRICTT AT? g
§= (ﬂrq—.,“um the heat source parameter, Pr =-—is the Prandtl number,Ec = % is the Eckert number, N+ = ( ]
pd gt af p T T K"K
is the radiation parameter, Pp = S the Porosity parameter, Fs = ope) ) uz? is Foichermer number. (12)
fFUERg e\Plp) AR g

Numerical Solution

The MHD chemically reactive of Casson non-Newtonian nanofluid flow equations, the Chebyshev collocation scheme was
used to make an approximation solution. The basic functions used in the process of solving the governing ODEs are described
as a Chebyshev polynomial. The following components make up this technique: Assuming that the coefficients of the
functions that depend on the Chebyshev collocation scheme solutions in the differential equations are unknown, the predicted
results are substituted into the expressions that govern the scheme in order to generate residuals or errors. The assumed results
are substituted into the expressions that control the scheme in order to generate residual errors. Subsequently, the scheme of
collocation is utilized in order to minimize the residual errors. An algebraic expression must be generated and then computed
in order to find the unknown coefficient values. The accuracy of the expression was improved by making a mapping for shifted
Chebyshev from [0, 1] to [0, o] [35 and 36]. CCM is used here to numerically solve the boundary value problem in (8) — (10),
where the following assumptions are made about the solutions for unknown functions f{»} and &{n) for the sum of the
Chebyshev base function:

fo) = o T; (- 1) (13)
8(n) = Tob T; (- 1) (14)
Where a; and B;are unknown constant coefficients to be determined. T; (—r’ - 'L)is the shifted Chebyshev base function from
[—1.1] to [0, L] where Lstands for the edge of the boundary layer. In order to compute the values of unknown coefficients. The

results obtained were presented graphically and discussed
To calculate the values of undetermined coefficients, equations (13) and (14) are substituted into (8) and (9) and becomes then

. 1 g 2 2 2 -
(14+2)[0 + 2 20 — 22£,°6,] — 0405 + @awsffy” + 0 0 Ze™™"

g (1+2) 0 + 22— 28) fy — 0awsEfy” =0 (15)

Forj=12,A, N-1

OEprfBy 88 (_L+§)'L+s:—szﬂl 3Ndé;®  Prpp

8" 88, " 8,° = L BE
i?+E4 W+E4i?+ oo +¢Ju+rr PP 4 @p PE

pEcf,” + —PrFsEcf,’ =0 (16)
Forj=12A,N-1

While the boundary conditions becomes.
fO =sf0=§+(1+3).600) = Lo =1
fH=) = 0.8(=) = 0.p(=) = 0 17)

The residues R (n.a,bland R:(n,a.b) are obtained by plugging into equation (15), (16) and (17). Using the collocation
approach, the residues are reduced to the smallest.

Ln=
For 805y — ) =1 dntherrine

L
fo Ry8Gy — n)dy = Re(m,) = 0. (18)
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Forj=12,A,N-1
fy Re8(n —ni)dn =Rg(n;) = 0. (19)

Forj=12,A,N-1

Where 77; = ‘—’[L — cos (%)] is the shifted Gauss-Lobatto point.

In this manner, equations (15) to (19) form a system of 3N+3 algebraic equations with3N+3 unknown constant coefficients, a;
and b;. The resulting algebraic equations were solved, and the values of constant coefficients are found using the
MATHEMATICA version 11.3 program. The value of L is set to 12 to ensure that all numerical solutions accurately respect
the far- field asymptotic

Results and discussion against the physical constraints
The physical flow constraints are imperative to analyze the fluid motion and thermal behavior over a desired region. For the
sake of this purpose, the results are organized to examine the hybrid nanofluid dynamics.

The velocity behavior of (Ag-FesOu)/ethylene glycol and Ag/ethylene glycol

Fig 2 demonstrates the velocity of [(Ag-FesO4)/ethylene glycol]ns and [Ag/blood].s against the imposed magnetic field (Fig 3)
aligned vertically to the plane of flow. The results reveal that the velocity (F'(n) and G'(n)) of Ag-Fe3O4)/ethylene glycol]nns
and [Ag/ethylene glycol]ns drops for the magnetic parameter effects M. Physically, the aligned magnetic field opposes the
fluid motion due to which the fluid particles move slowly. In the surroundings of the surface, these effects are optimum and the
motion gradually reduces far from the sheet and finally vanishes at an ambient location from the surface. Thus, the motions of
[Ag-Fes04)/ethylene glycol]ns and [Ag/ethylene glycol]n can be controlled by strengthening the aligned magnetic field which
is a significant physical phenomena.

— — Ag/EG, Z=2.0
— — Ag/EG, Z=4.0
— — Ag/EG, Z=6.0
Ag-Fe,0,EG, Z=2.0
—— AgFe;0,EG, Z=4.0
Ag-Fe;0,EG, Z=6.0

Fig 2: Effect of various values of Modified Magnetic term on fluid Velocity Profile

Fig 3 elaborate the effect of the variable viscosity parameter (g2) on velocityF (). Viscosity is a measure of the fluid’s
resistance to flow. The higher the viscosity, the more resistance there is to the fluid’s movement. This resistance causes a
decrease in fluid velocity. This is because as viscosity increases, the fluid becomes more resistant to shear forces, which slow
down the movement of the fluid

— — AZEG.e2-00
— — Ag/EG, £2=2.0
— — Ag/EG, £2=4.0
— AgFe 0,EG, £2=0.0
—— Ag Fe,0,/EG. £2=2.0
—— Ag Fe 0,EG, 22=4.0

Fig 3: Effect of various values of variable viscosity on fluid Velocity F' ()
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Fig 4 highlights the effects of Casson fluid parameter 3 on hybrid nanofluid velocity. The fluid velocity declines as the value
of Casson fluid parameter is increasing. This is because increase in Casson parameter leads to the increase in strength of
dynamic viscosity which consequently impede the flow along the stretching porous medium. This agrees with works of Kumar
et al. (2016) 71, Waini et al. (2018), and Adeosun et al. (2021) &1,

— — Ag/EG, p=05
— — Ag/EG, =15
— — Ag/EG, B=25
—— Ag-Fe,0,EG, p=0.5
—— Ag Fe,0,EG, p=1.5
—— Ag-Fe,0,EG, =25

Fig 4: Effect of various values of Casson fluid p parameter on velocity F' (1)

Fig 5 it is evident that rising values of porosity reduce the fluid flow in a stretching porous medium. This is because of an
increase in porosity parameter associated with a reduction in flow permeability of which results in retardation of nanofluid
flow. The fluid has more space to flow through the material, which reduces the amount of resistance to flow.

Fig 5: Effect of Various values of Porosity Parameter (Pp) on F ' (1)

Fig 6 explained the effects of Hartman number on the velocity of hybrid nanofluid. It is observed that as the value of (Z) rises,
the velocity is elevated. This means that rising values of (Z) correspond to the higher intensity of the magnetic field strength
mounted on the parallel plate which leads to the enhancement of the nanofluid flow over the plate by reducing the fluid
friction. This validated the work of (Adeosun et al., 2021) ™.

— — Ag/EG, Z=2.0
— — Ap/EG, Z=4.0
— — Ag/EG, Z=6.0
Ag-Fa;0,EG, Z=2.0
Ap-Fe.O,EG, Z=4.0
Ag-Fe;0,EG, Z=6.0

Fig 6: Effect of various values of Hartmann number on Temperature Profile
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Fig 7 explained the effect of the Eckert number on the temperature profile. The Eckert number is a dimensionless number that
defines the connection between the fluid kinetic energy and enthalpy. It expresses the change of kinetic energy into internal
energy by the work done against the viscous fluid stress. The positive Eckert number illustrates the cooling of the medium, i.e.

loss of heat to the fluid from the plate. It is clear that an increase in the Eckert number causes a decrease in the temperature
profile.

— — Ag/EG, Ec=2.0
— — Ag/EG, Ec=4.0
— — Ag/EG, Ec=6.0
—— Ag-Fe,0,/EG,Ec=2 0
—— Ag-Fe;0,/EG,Ecw4 0
—  Ap-Fe,O,EG,Ec=6.0

Fig 7: Effect various values of Eckert number Ec on temperature

Fig 8 explain the relationship between variable thermal conductivity (¢4) and temperature. The thermal conductivity of most

materials increases with temperature because the molecules of a material move faster at higher temperatures, which allows
them to transfer heat more efficiently.

— — Ag/EG, e4=0.0
— — Ag/EG, e4=2.0
— — Ag/EG, e4=4.0
—— Ag-Fe;0O,/EG, e4=0.0
—_— _-‘tg-Fej_D:'EG, e4=2.0
— Ag-Fe;0,/EG, e4=4.0

Fig 8: Effect various values of variable thermal conductivity term on temperature

Fig 9 shows that increase in thermal radiation parameter (Nd) enhance temperature of hybridnanofluid. Clearly it is evident
that thermal radiation contributes in increasing temperature distribution because radiation enhances the internal energy of fluid
and therefore, temperature rises. This validate the work of Ishtiaq et al, (2023) 11,

— — Ag/EG, Nd=2.0
— — Ag/EG, Nd=4.0
— — Ag/EG. Nd=6.0
—— Ag-Fe;0,EG.Nd=2.0
—— AgFe,0,EG, Nd=4.0
—— AgFe,0,EG, Nd=6.0

Fig 9: Effect various values Radiation Parameter Nd on temperature
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Fig 10 explain the relationship between the Prandtl number and temperature. Prandtl number is an important parameter in the
design of heat transfer and an increase in Prandtl number lead to a decrease in temperature because the thermal diffusivity of
the fluid is lower thereby heat diffuses more slowly from the surface of the solid into the fluid.

— — Ag/EG, Pr=0.7
— — Ag/EG, Pr=1.5
8 — — Ag/EG. Pr=5.0
Ag-Fe,O,/EG, Pr=0.7
Ag-Fe;O,/EG, Pr=1.5
Ag-Fe;0,/EG, Pr=5.0

Fig 10: Effect of various values of prandtl number Pr on Temperature Profile

Conclusion

In this study, mathematical analysis of effect of variable properties of FesOs-Ag/EG Casson fluid flow through a porous

medium with a modified magnetic field was investigated. The Casson fluid model was employed to capture the non-newtonian

behavior of the fluid. The governing equations were transformed into dimentionless form using similarity variables and solved

numerically using Chebychef Collocation method. The results demonstrated that

=  The movement of [(Ag-Fes;0a.)/ethylene glycol]ns and [Ag/EG]nns could be controlled against the high strength of the

magnetic field which is beneficial for industrial applications.

the magnetic field strength significantly influence the flow behavior.

a stronger magnetic field leads to a reduction in velocity due to the Lorentz force.

the Casson fluid parameter also plays a crucial role in regulating the flow characteristics.

a higher Casson fluid parameter indicates a thicker yield stress, which reduces the velocity near the porous medium

boundary.

= the porosity parameter, on the other hand, promotes fluid flow by providing additional pathways for the fluid to pass
through.

= increasing the nanoparticles volume fraction enhanced the thermal conductivity of the fluid, leading to a more pronounced
temperature distribution.
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