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Abstract

We follow the well build method of a discussion shown by alternative condition (provided that & fulfills a mild metric
Paulo D. Cordaro, Giuseppe Della Sala and Bernhard Lamel condition that): It is either surjective or injective, and the
(21 on the Borel map at a point P~ €&, where K is the latter is the case if and only if #° € K. We also discuss
polynomially convex hull of the compact set K < C, variants of this results for approximation by rational

associating to every sequence of functions FrEATE jts functions and a smooth version of the Mergelyan theorem.
formal Taylor series be at P~. We show that it satisfies an

Keywords: Borel Map, Mergelyan Theorem, Surjectivity

1. Introduction

There has been a growing interest in the Borel map associated to solutions to systems of (integrable) FDES: (see [1.2.4,5.6.7]) for
an introduction to this notion and for some of the fascinating results relating (failure of) uniqueness properties of solutions to
their richness.

The key raised from that study is the importance of the Fréchet algebra AZ(K) for compact subsets & = €™ These algebras are
the closures of the restrictions of entire functions to & where we require uniform convergence of every derivative on & So the
polynomial hull of & is defined as the set

F= [ e ™My |_P|:z. )| = sup | P(g®)| fura]lPEC[z.L 4§,J]

g EKR

We define a "Borel map" Bap for any point p*ER by associating to a function its (formal) Taylor series at

S 1alelg o
AT(E)S frmbgpefy= ) D ) ——Z GOE -pO € -5
I.TE:':; v |'

For every knowledge in the literature, we were not able to find a resolution to our main topic of interest even in the one
variable case, namely, whether failure of surjectivity of the Borel map is equivalent to the existence of nontrivial complex

structure of ¥ at #*-that is to say, the existence of a germ of positive-dimensional complex analytic set ¥ = E such that »° € &-
We therefore need to show this question in the case ™ = 1- The purpose now is to give a rather complete solution under a
rather mild metric condition on # *

Definition 1. We say that a compact set ¥ = € is path-bounded if there exists © = = O such that for any neighborhood ¥ of ¥ and

any points P°. 4% € there exists a rectifiable curve ¥’ € U of length at most 1 + £ joining P and 4™
We can now state the main theorem (¢ [121),

Theorem 1. Let & = £ pe a path-bounded compact set and p* € K. Then one and only one of the following properties hold:
(i) byp: js surjective;
(i) Bips s injective and & is a neighborhood of 2™
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The alternative in this theorem is another strong indication that unique continuation (by which we mean the determination of a
function by its formal expansion at a point) is a prerogative of holomorphic functions and that failure of unique continuation
already leads to surjectivity of the Borel map.

We also develop a parallel theory for the algebra ™ ~(X) of functions which can be approximated uniformly on & in every

derivative by rational functions with poles outside of ¥+ Now we can define the corresponding Borel map Pxp® for every
P~ E &: and the corresponding alternative is the following (%€ 14):

Theorem 2: Let & © T e a path-bounded compact set and assume that =& has only finitely many components and 2° € &.
Then one and only one of the following properties holds:

() E';‘ P* is surjective;

(i) Pro® is injective and & is a neighborhood of p-.

We observe that Theorem ! is in perfect accordance with the characterization of hypocomplexity for corank one locally
integrable structure ¥ over a manifold £ (¢ (11, Corollary 6.2); see also for the concepts here recalled). Indeed, as proved in
[BCP] one and only one of the two cases occurs, at a given point P~ € .2

(a) The Borel map for ' at #” is surjective; )

(b) The Borel map for ¥ at #” is injective and V' is hypocomplex at 7™

We apply a smooth version of the Mergelyan theorem in order to characterize the algebras A~ (£) and ¥~ (K): when ¥ is the
closure of a bounded open subset of the complex plane.

These results hold for any compact set % on the other hand, it is not clear whether Theorem 1 and Theorem 2 are true without
the path-boundedness assumption.

2. The Algebra 4™ (K) and the Borel Map

2A. Basic Notation. We denote by ¥ = £[[X1] the algebra of formal power series in the single variable ¥+ endowed with its
natural structure as a (local) Fréchet algebra whose topology is defined by the semi-norms

]
z r:J?-’X—iIH gnis) = Z Z af|. neZ,.
j=0 r

oD r

5=

oo
j:

For & be a compact subset of the complex plane. Let £(E: F) = C{EJ[ [X]] be the space of continuous functions on # valued in
F and is also a Fréchet algebra whose topology is defined by the semi-norms

=

= Z Z ul X/ = pyu”) = Z supz  MEE,.

j=0 r

For 47 (&) pe the closure in € (% F) of the subalgebra

- '_i.'
r - -
HE) = {f, = z il e csF)if €0())

i=t

Note that ¥x:@(C) = H (K. () = £+ js an algebra isomorphism which is furthermore continuous, when 2(C) is endowed
with its natural topology of a Fréchet-Montel space. Finally, 4~ (5)(= the closure of the range of ¥#/ is a closed subalgebra of
CI&: F) and hence a Fréchet algebra itself.

2B. The Spectrum. We denote by * (A7 (K1) the spectrum of 4~ (X that is, the set of all non trivial continuous multiplicative
homomorphisms A A () = L. it is known (as first recognized by Gelfand in the setting of Banach algebras) that the
association A~ ker &' gives a bijection between MUAT(E)) and the set of all closed maximal ideals of 4~ (- We now
compute M (A"(K)). Recall that & denotes the polynomial hull of &+ since & = € the maximum principle shows that the set & is
obtained from ¥ by "filling in the holes", in other words, & consists of & unionized with the bounded components of € &-

If Z0€ K then fr + fr(z0) defines a continuous multiplicative homomorphism on ¥ (£} which then extends uniquely to an

A, e MIA™(K)). A A= (H).
element “=a Conversely let 4 be a continuous multiplicative homomorphism on 4 L%J- Since ¥ s an algebra

isomorphism it follows that A& @(Z) = s a continuous multiplicative homomorphism on ¢(%)- Since the latter is a Fréchet

. . . ,_. I o Fhlrd s — =1 - gy .
algebra with spectrum € it follows that there exists 20 € € such that (4 © & J(f) = fr{z8). fr € (C). Byt there are €= 0 and
N & Ziguch that
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ZZ fi(zh) =Z 31 o r)eh) HHE,ZZ sup 7],

I r

since 4' is continuous on A~ (K- By Cauchy estimates for any £ = 0 there is C= > 0 such that
ZZ frlzo)| = CsSHPZ Ifels frEQ(T
r I By r

where e = {z'dist (2", £) < 2}, Replacing fr by ¥ and letting #° =  shows that the preceding inequality holds with Ce=1

for every =0 and thus frlz8)| = supelfil.fr € O(D). This is equwalent to saying that 26 € &+ We have proved: the map

KM@= @)z - ’13:- is a bijection. Thus, the spectrum of 4~ (K equals &

2C. Other Dense Subspaces. By Runge's theorem every element in 2(K) can be approximated uniformly near K by a
sequence of entire functions. Hence it follows that

v =53

is also a dense subalgebra of 4 (K} and that #(K) =3 (K). Notice also that we have an algebra isomorphism
Vi O(K) = H(K) which is contmuous when 2(K) is endowed with its natural 2FS topology by a similar argument as above in
2B, we using the homomorphism V& and give a proof that the spectrum of AT(K) equals K. This idea will be exploited in
Section 4 Finally, we also note that the polynomials are a dense subalgebra of 4~ (£)-

X—'EC(E\ F frEﬂuu}

2D. Mapping Properties. For 7 €= © be a holomorphic map and let & be as in #: Then & : #(5- (1) = H () defined by

=

NS ;;f’f"j"fj_’i 2 1%}* freo(,
£y £ A

j=t
is an algebra homomorphism which is continuous by the Faa di Bruno formula and hence it can be extended as a continuous

algebra homomorphism 4~ (F(E)) = A% (K).

2E. The Borel Map. Note that if 2 € € we have 4~ ({Za}) = CLI¥] ] Indeed, any series ZizeZi Zr 7 (2" =20} s the limit of
its truncations

> @ -

0 F

n

4

and the seminorms actually agree. This is a large distinction with A(5) (closure of 2(C)lx in €A1 since A({01="C ang
suggests that in the study of 4~ (5. instead of multiplicative characters of the algebra #(¥): that is, homomorphisms valued in
Z. one needs to study homomorphisms 4~ (57 = F in order to algebraically capture properties of points in & with respect to the
structure of 4 (&)

This leads to the following definition.

Definition 2. Assume that © € & We shall refer to the continuous algebra homomorphism

byt AS(K) = F. byfu™ )= u' ()

as the Borel map of & at the origin.

By subsection 2B when & is not a singleton then 4~ () is not a local algebra (for the spectrum of a local algebra has only one

element). Since ¥ is a local algebra we conclude that the Borel map for ¥ at the origin is never bijective we have the following
(see [12])_

Example 1. Suppose that & is a real compact set with © € £+ Then the Borel map of & (at the origin) is surjective. Indeed if
s € F py the classical Borel theorem there is 8 €& (R) whose formal Taylor expansion at the origin is equal to * Fix a
compactly supported, smooth function ¥ on ® which is equal to one in an open neighborhood of ¥ and form

oy -2 réf (=t — i an Cvidy, =t
G(z*) —Z (7 /m)2 12 Z exp {~j(z'— )"}y g  (V)dy. z' €C.
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|r.| . G-!;CI _:':QIM
~ @0 uniformly in B for every ¥ 2 0. In particular © ¥ 77 'k

_| Eh—l}zi’ I( (k) R::kafll'l".!

Then {16} () and it is well known that ©

uniformly in & for every ¥ = 0 and consequently the formal power series belongs to A~ (&) and
]:I-;;('G_i-:l ==,
Remark 1. If £+€C KT gre compact sets, both containing the origin, then there is a natural algebra homomorphism

Traeet A (K) = A7 (K +€) jndyced by restriction of functions and it is clear that Bx = Prse® Tzxre

2F. Surijectivity of the Borel Map: Necessary Criterion. From now on we shall always assume that © € £~ We now apply
some standard functional analytic arguments to derive a necessary condition for the (non) surjectivity of the Borel map:

Theorem 3 (“112)). B is not surjective if and only if there are a sequence 15} © €¥] and M € Z.sych that degree & — * and

I:Pl:ﬂlf ) _:‘zw: sup % :z sup RE,

[

for B € O(K) gng i = 1.2 m

This property implies that certain combinations of arbitrarily high derivatives of a holomorphic function at © can be estimated
by the sup of derivatives of order = on & Note that the Borel map is in particular not surjective if © € ™

Proof. Suppose that Px is not surjective. Since the image of Px contains “[*]- it is dense in “[L*]1: in particular, Px is not a
homomorphism. By the homomorphism theorem [11, p.18] the image of the transpose

T hy C[X] — A= (K)'

is not strongly sequentially closed. It follows that there is a sequence (@&} = X1 such that T = { Bx(@x):k = 13 s strongly
bounded and hence equicontinuous but {2x} has no convergent subsequence. Since (%1 is a Montel space (with its usual L¥-
topology) it follows that {@x} is not bounded. Notice that there is no £ = @ such that {€i = Cz)[¥]: the space of polynomials of
degree =L- Indeed since the latter is finite dimensional, Byes € [X] = A7 (K)' is a homomorphism and the fact that T is
strongly bounded would imply that {24} is bounded, a contradiction. In conclusion we can extract a subsequence ki < K1 such
that the degree of U, is = J for every J- Setting =0 proves the existence of the sequence {Pj} with the required properties.
Conversely the existence of the sequence {%} gives the existence of a weakly unbounded sequence in the dual of =L [*]1]whose
image by Px is a weakly bounded set in the dual of 4~ (K- Since “Bx is injective the map

("bg) ™ "hx(CL X1 — C[[X]]

is well defined and not continuous for the weak topologies. Then Px is not a homomorphism [11, p.18] and hence it is not
surjective.

3. The Main Result :Beginning

As shown before, if & is a neighborhood of the origin then the image of the Borel map of & at the origin is contained in the
space of all convergent power series and hence the Borel map is injective but not surjective. We shall prove that under a

suitable geometrical assumption on & (path-boundedness, see Definition 1) the following stronger properties hold: Iz is
alternatively either injective or surjective and moreover Px is injective if and only if & is a neighborhood of the origin.

4 particular but important class of compact sets which satisfy the property described in Definition 1 is the class of the
subanalytic compact sets. Before we prove the general result we present a proof for the subanalytic case, which we believe is
interesting in its own right and also turns out to be more suited for questions in higher dimensions.

3A. Surjectivity of the Borel Map: Characterization for Subanalytic Sets. We begin by proving (*** 221y

Theorem 4. Assume & = £ js compact and subanalytic and that bz is not surjective. Then & is a neighborhood of the origin.

_F_'i- = oo

Proof. According to Theorem 3 there are a sequence of polynomials i%} < T with degree of and a non

negative integer * such that
Pi(6)h(0)| = Z sup K4, he o(R).

We prove our result by contradiction. Assume that K isnot a neighborhood of the origin. Since K, as the union of ¥ with the
bounded components of CA\K. js itself subanalytic_(**° (19, Prop. 3.2 and Corollary 3.7.10), we conclude that T\ j5 also

subanalytic. Since the origin is in the closure of <\ &- using (29, Prop. 3.9) we can find a real-analytic map *":1~ L:1[= € sych
that

yrioi=0  ¥(seks=0 =L
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Notice that there are € = @ and 2 € ¥ such that
¥ ()] = (1 +e)ls|® 5] =< 1.

Fran—(R+1

Now given 5  © the function #s(2) = (*" ()= 207" belongs to @(K) and it satisfies =" (0) = ¥!¥7(s)
we write

By
B(x) = z Z AXE (L Apy #0
j k=D

then (1) gives

'for every ¥ = 0. |

= CMZ z dist (y"(s). K"+, je T, s 20,

fam T

'qj';;]"'rl:.ﬂ'__l ‘Z S.I:{P hll;fl

-—|;.'+L|‘ -

and, consequently,

dist (¥ (s )M+

oy
Z Z Z "l_i';;}‘rl:'s':l-u-'_;‘. = C:'!'z Z |}rr|:'g:||-“.'+]'.
j k=0 T r i

We observe that there exists a sequence 15} 1011 sych that

I!n—

_Z Aju Z Z Z Ay @ 2 (4, | /2
: -

if 15 <% and hence it follows from (2) and (3) that
dist (7 (). K)"* 1 < flls|P Y, 5] < g,

P rs )Rk

The function < dist (¥"(s).5) s subanalytic (see € 4-[3] Remark 311) and does not vanish for = * 0 We then apply the
Lojasiewicz inequality ([3]: Theorem &-2}: there are constants £:7 = 2 such that

c|s|" < dist (¥"(s).K). |s] < 1.
We then obtain

|s|TE+L) < ,:-J__':{z_|5-|?-"f,“.'“-}, Is] < &.

I we fix / such that P~ (# + 1) = 7(M + 1) (which is possible because % ~ ) we obtain a contradiction. This completes the
proof.
As a consequence we derive (%€ [12):

Corollary 1. Let ¥ = £ pe compact and subanalytic. Then one and only one of the properties hold:
(i) P= is surjective;
(i) P= is injective and & is a neighborhood of the origin.

4. On the Notion of Capacity

4A. Capacity and Relative Peaking. We assume that & =€ js compact and polynomially convex, and that 2 £ 9E. We first
recall the notion of analytic capacity and then use it to show that we can "expose” the point 2 by a sequence of functions in
Z(&) with large derivatives (at ? )- We will largely follow Gamelin's book ([Z]: Chapter ¥#Z!: Theorem #:1)- In particular, we
use the definition of analytic capacity and employ the same notation as there: if L =T js a compact set then (L) denotes the
connected component of 5~ L containing = (where S~ =€ Y {==}) and ¥" (L) denotes the analytic capacity. We will need in
particular the following results, where 2 denotes the unit disc centered at the origin:
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Theorem 2-([E.VIIL Thm, 14} Assume L connected. Let §r (L) =4 pe the conformal map such that 9r(>) =0 and
g¢() = 0. Then ¥' (L) = gr(=).

Theorem & ([81.VIIL Thm. 2-1) Assume L connected. Then
yT(L) < diam (L) < 477(L).

We can now state (¢ [1%)

Proposition 1. Suppose that & is polynomially convex and that the origin belongs to the boundary of % Then there is a
sequence {(gr)n} © O(K) sych that |(8-)al = 1+ € on K for every € N and (gr)n(0) = =

Proof. Let (™=} be a positive sequence of radii such that == 0 as ™ = % and let 2r, be the disc of center © and radius ™= For
any ™ € M. g| the connected components of 2r. \ ¥ intersect ?2r. otherwise there would be one contained in 2r. hence T\ &
would have a bounded conn_ected component, against the assumption that ¥ is polynomially convex.

For any ™ choose a point Pz € &r, \ & with [p3] < 7/2: by the previous argument there exists a smooth curve 7 = 2r, \ K that
connects P7 to a point in b2 Thus the diameter of ¥= is at least ™»/2- and there exists a compact, connected subset £n © ¥n
with diameter ™n/Z:

Let (fr)n: E,) = A pe the conformal map such that (fr)n(22) = 0 ang (frin(=) = 0.

By Theorems 5 and € and above we have that (fr)n(2) = ¥"(Ex) and since

diam (E,) _
—

1 = ¥ (E,) = diam(E, ),

it follows that

-

"n
]

n

< () <5

We further define (9r)n 8(Ex) = € a5 (9r)n(z") = 2 (Fdn(z")/ (FIn(=): For all = €2, \ Ex- applying (4) we can write

o |21 (FdnzD)] _ 1m-2
i LA e B
2, 2. ltenatz) 'Z TR e
Fl

rod

and by the maximum principle it follows that |(8r)nl = 8 on (Ex)s in particular |(8r)xl = 8 on the set ¥ = 2(E, ).

Since (drn is holomorphic on a neighborhood of & it represents an element of 4~ (&) hence {(8rJn} is a sequence in 4~ (£)
which is bounded in the uniform norm. Since

T ligni =Y G2, 20:0)
rinlMi — = '
r r

(frn(oe) ~ T

in order to finish the proof, it suffices to show that {I(frin(0)]: 7 € ¥} js hounded below. Indeed we claim that
1
Z l(fn(0] = 35 MEN.

To prove this claim we define ¥n:& = € g ¥a(2") = (Fdalr/z"): Singe (fin is injective on 5~ \ 27, (indeed (fr)n is the inverse
of the Riemann map &~ 2(Ex)). it follows that ¥n is injective on & Moreover, since (frin(z1 = (fln(e=)/z"+0(1/2%]) o

.5:1"..& rl\'r.l:'zl.l'l = (w‘]z'.+ﬂliz:'.:|. Loy — T I L . . . rAn
Hrewe have ™ fu hence #(0) =0 and ¥n(0) = (F)a(%)/T- Using the estimates in (4) we get
[kn(0)] = kn(0) = 1/8. By Koebe's theorem it follows that ¥=(4) 2 81/22 By construction Fr(8) = (Fn(5™ \ v, } thus we also

have (frn(5™\ 2r,) = 8122 The injectivity of (frn in turn implies that (frn(0) € 3122 i e[ (f)n(@)] = 1/32

5. The Main Result ~ Conclusion
5A. The Notion of Path-Boundedness. We say that & is path bounded if there exists a £ = © such that for every open set

U © K. any pair of points 8" €& can be connected by a rectifiable curve (in U ) of length not exceeding 1 + € Note that one
can replace rectifiable curves by polygonal paths in this definition. Before we proceed, we give some examples (¢ [*2):

Example 2. Every compact, connected subanalytic set # = £ js path-bounded.

1246


http://www.multiresearchjournal.com/

International Journal of Advanced Multidisciplinary Research and Studies www.multiresearchjournal.com

Indeed ([®] Section ) shows that even more is true: Given such a & there are constants 1 + €& such that for any pair of points
% 9" €K there is a rectifiable curve ¥ contained in & with length = (1 +€)[p* — g%

Example 3. Of course, the notion of path-boundedness is much weaker than subanalyticity. We include an example for the
reader's convenience: Let & = be defined as
1
K =[-10]% [-11]u [0,1] X [-1.0] u R JT'] x [0,1].
b=t

Then & is compact and path-bounded (any two points p%q° €K can be joined by a rectifiable curve of length less than *
contained in &7 and € ¥ is connected, implying that & is polynomially convex. On the other hand, ¥ is not subanalytic, since
for any point P~ =it(0 =t < 1) we can find a neighborhood ¥ of 2~ in € such that ¥\ ¥ has infinitely many connected
components.

Example 4. Let us give an example of a set which is not path-bounded. For this, we consider the set
K ={x+ify(x) € Cx € (01T} U {0} X [0.1] where f+ is defined by

- -

_,|+l; :

2j+1 | 1

. 1
e =1-7m71 |Jr TG+ 1) 7

Choose then a sequence of open sets Ui defined by

1 1
UJ.-:(— —]><(—2.2H..I§.r+t1. EC e cx = 1|y —fi(x)| < EJU Dyjps(1)

One checks that the path of smallest length connecting 1/7 with 1 contained in Ui has length exceeding /- and thus, ¥ is not
path-bounded.

Note that in the previous example the Borel map at the origin is nevertheless onto, since & is contained in [0.1]%
Taking polynomial hulls preserves path-boundedness, as the next Lemma shows (**¢ (23],

Lemma 1. If £ is path-bounded then the same is true for -

Proof. Let © = @ be such that the property described in the preceding definition holds and let Cir=3(1+ € where @ = 0 s the
diameter of &+ Let now U €€ be an open neighborhood of K and let P qa° €K. 1 p.0° €K, since U is in particular also a
nelghborhood is & then P and 9° can be joined by a rectifiable curve ¥" contained in U and with Iength =1+& Now suppose
that P~ € £ \K. Then »° belongs to one of the open, bounded components ¥ of C'K. Let P3 be the nearest point to ?°

belonging to 9V = &-

If ¥o is a rectifiable curve joining Pi and 4 and contained in U with length =1 +€ then " 231V s a rectifiable curve
joining ° and 4~ contained in U and with length = 2(1 + €) < C1. An analogous argument treats the case when both 2~ and 4°

do not belong to &+ in which case the length of the curve obtained is = 3(1 + €} = Cy.
The importance of the concept of path-boundedness for the Borel map is explained by the next result (¢ 1)

Proposition 2. Assume that & is a path-bounded polynomially convex compact set and that the origin belongs to the boundary
of & Given ™ €M, there exists a sequence thnl € (5) sych that

supz: R zh <1, j<m,

xEn'

but hy™(0)] = T g om,
In other words, for this sequence R B2 (¥ (hn)) s bounded but Ry (0)] = +oo as™
Proof. We apply induction, the case ™ =1 being provided by the sequence (dr'n given by Proposition 1 For the inductive
step, suppose that a sequence {hz} has been constructed for ™ = L. and furthermore suppose that hx is defined on the set 2(Ex)
(with E= from the proof of Proposition 1) Since 2(E:) is simply connected, for all ™ ¥ there exists a function r
holomorphic on (Ex) such that fin = in and Ha(0) = 0. | et 4° €K : by assumption there exists a curve ¥' € AEx) of length at
most 1+ € joining 0 and 9° It follows that | Hn(@)] = (1 + )pi(Fe(ha)) £ (1 + )pmo(vz (k)
Since 7° is arbitrary we conclude that oV (Hy) = (1+ e)pi2(Fz (hu)) The claim then follows from the facts that the
sequence

Pre-a(FE () Smax ) {po (7). Broa(VEGHD))

T

< mr:.rz {1+ &P T (h) ) Pr— 2T (R )}

T

1247


http://www.multiresearchjournal.com/

International Journal of Advanced Multidisciplinary Research and Studies www.multiresearchjournal.com

(Mrmn | — (M= Ll
is bounded and that I (0)] = [Rx™7(0)] = +2 oo — on,

5B. Surjectivity of the Borel Map: the General Case. We now have to prove the characterization of Theorem # for general
path-bounded sets.

Theorem 7 (¢ 1), Assume that ¥ is a path-bounded compact set and assume also that Px is not surjective. Then & is a
neighborhood of the origin.
Proof. Since B is not surjectlve we can apply Theorem 2 and conclude the existence of sequences 1 {m; }': S ‘”:]' c]o. o[

with ™ = % such that 1P (D S GPm -1 () g0 o h € O(R). Now by Lemma 1 it follows that ¥ is also pathbounded

and hence by Proposition 2 applied to, say, ™ = ™. we conclude that the origin cannot be a boundary point of K.

6. The Algebra M~ (K) )

To study functions on & instead of & one has to use a richer algebra (making its spectrum smaller) Indeed, if we replace the
space of entire functions in = by the space of meromorphic functions on = with poles outside & we obtain a paralel theory in
which & will no longer plays a role. Since the arguments are similar we state the main results.

6A. The Algebra and its Spectrum. We denote by # ~ (&) the closure in € (%3 F) of the subalgebra

HYE) = Wl i) xd e cig; Fy: o )

) { {Er ” ‘J i Vifr meromorphic with no poles in K}

Notice that H(K) c HT(K) and hence AT(E) is a subalgebra of MT(E).
By Runge's theorem any element in @(&) can be approximated near & by a sequence of meromorphic functions in = with

prescribed location of their poles.
Hence ¥~ () js equal to the closure in €(5: F) of the subalgebra

HHEy = I, =z z (£ i) %7 € e Fy: £, € 0(8) .
=0 T B

Proposition 3 (¢ 12)). The spectrum of (£ js the compact set ¥ itself. In particular, £ is polynomially convex if and only
if A= (K) = M=(K).
Proof. Consider the algebra isomorphism (Y& VHO(E) = HHE). (5 () = £ 1t is clear that (%) is continuous when ‘3”*"' is
endowed with its PFS topology. Let 4 +#~(K) =T pe a continuous multiplicative homomorphism. Then A = (¥ ¥ is a
continuous multiplicative functional on (&) By the definition of the PF5 topology on Z(7 given any ¥ = & open the map

gy = O(U) — O(K) e _
is a continuous multiplicative homomorphism on ¢(Z) and hence it is equal to the evaluation at some point ¢ € - |f
E <V cUjs also open then % = 9ulv and hence Zo must a fortiori belong to V- Letting ¥ = & we conclude that %o € &> which
proves the first assertion in the statement. For the second it suffices to notice that when & is polynomially convex then
o(K) = o(x).
6 B. The Borel Map. If we assume that © € & (as we shall do from now on), we can also define the Borel map relative to
M(K) a5 being
blu") = u'(0), u" € M=(K).

Itis clear that Pk = P jn 47 (K.
The following result can be obtained by the same argument as in the proof of Theorem 3-

P.— oo

Theorem 8. B is not surjective if and only there are a sequence *P} C CIXT and M & Z.sych that degree “J and

(B @) = Z sup|8h|,
asM T
for REC(K) gng 1 E H.
6C. Surjectivity Revisited for #~ (5)- The condition needed on & is a bit stronger in this setting:
Theorem 9. Let & be path-bounded and assume that E° has only finitely many connected components in a neighbourhood of 2-

If Pk is not surjective then ¥ is a neighborhood of the origin.

The proof is the same as that of Theorem 7 taking into account the following remark:

Remark 2. Let & be a path-bounded compact set, © € 2. and suppose that © & has finitely many connected components. For
. r R 2 Wy [

any ™ €N, there exists a sequence (nd € 2 (E) gych thatpf“‘L(”r*" / ih“*'} is bounded but | (01| = +% g n = oo,

Indeed, let 1 + £ be the minimum of the diameters of the finitely many bounded connected components of Ch\K lying in A,

Then, for 0 <2 <7 41l the connected components of 8\ K intersect #2r This allows to construct a sequence (grln € O(K)
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using exactly the same procedure as in Proposition 1+ which proves the claim for ™ = 1. The inductive argument used to
extend the claim to all ™ is unchanged: once again, the functions #» obtained as primitives of hn on Eq) define holomorphic
functions in a neighborhood of &

7. Final Remarks

7A. Closures of Simply Connected Open Sets. If = € is a bounded open set then 2(%) 1 €= () js a Fréchet algebra whose
topology is defined by the norms

n
1 .
fwzj—,sgpz £l nez,.
_i‘:[:l = r

Here, we denote by €~ (%) the set of restrictions of €~ (€) (or equivalently, of €= (€)) to &
We now show (¥ [12):

Theorem 10. Let @ = T be a bounded open set. If € @ is connected then

A% () = o) ne=(0)

as Fréchet algebras.

Proof. We must show that for every fr & 91 N €7(2) there is a sequence {(frin} = @(T) such that (fr)i” = fr*" uniformly in

Q@ for every / = P This is of course the smooth version of the classical Mergelyan's theorem whose proof, although probably
known, we present for the sake of completeness.

Let then f+ be as above and take Fr € € (5) such that & = fr in  Let 9(2") denote the distance function from ' £ € to & For
G =0, et

Op={z' e C:d(z") < 8}
and form

e I:z. 1= = ﬂ ZZ I(v. Jdmiw), = Eﬂs.

Here ™ denote the Lebesque measure in the plane. Notice that *' €€~ (0z) and that & — & € @(%). Furthermore, since
oF,/ dz' vanishes to infinite order at  there is a sequence of positive constants Em = 0:m = 0.1, ... gych that

Cnd(z)™ z'e .

roe iy
ozt | =

Hence if / = 0 and if we take ™ = J we can estimate

‘Z ZZ Z;lj":i’*f:' ﬂ Z rrr'i:i I. w) < Cmf.—m_jmma:'- 'ed
i i T

Since also 9u&/ 92" = 8F./ 82" \ye then conclude that
uf— 02§ —=0mc=).

-:

Finally, we apply Runge's theorem: given & = 0 there is a sequence {(9rna} © 9(5) sych that (9rine = (Fr —8) ggn == i
0(%%/2) and hence in €~(D) by Cauchy estimates. To conclude the argument it is convenient to introduce a translation

invariant distance function 2 which defines the Fréchet topology of €~ (- Then
.I'J(':-gr:'r! S'frjl = .ﬂ(i.gr:'ﬂ & -Fr] = .ﬂ[:':-gr:'r! & F = “E] + plug. 0).

Given £ = 0 we first choose & = 0 such that #(1£0) < £/2 and after we choose ™ € N such that #((8r)ns B —25) < £/2. Hence
for every £ = @ we can find 9r €2 (%) sych that #(9r f+) < £ which is the conclusion of the theorem.

7B. Closures of Open Sets: The General Case. As in Section = a small change in the preceding argument also gives:
Theorem 11 [12]. Let ££ = £ be a bounded open set. Then

M=(0) = Q) nC=(A)

as Fréchet algebras.
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