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Abstract 

In the current paper, we derive common fixed-point theorem 

for generalized rational contractions that involve specific 

control functions in a controlled metric space. Numerous 

renowned findings from the literature are modified by our 

findings. 
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1. Introduction and Preliminaries 

In 1906, Fréchet established the concept of a metric space. In 1922 Banach [1] gave contraction mapping principle. Many 

researchers generalized and extended this principle in different spaces like semi-metric, pseudo-metric, extended b-metric, 

partial, b-metric, and controlled metric spaces [see, 6-10] Czerwik [2] gave the notion of b-metric space as follows: 

 

Definition 1.1. [2] Let ∆ ≠ ϕ and Ω: ∆ × ∆ → [0, ∞). If, 

1. Ω (µ, ν) = 0 ⇔ µ = ν; 

2. Ω (µ, ν) = Ω (ν, µ) for all µ, ν ∈ ∆; 

3. Ω (µ, w) ⩽ s [Ω (µ, ν) + Ω (ν, w)] for all µ, ν, w ∈ ∆ 

Then (∆, Ω) is said to be a b-metric space. 

In 2017 Kamran et al. [3] defined the notion of a extended b-metric space as follows: 

 

Definition 1.2. [3] Let ∆ ≠ ϕ and σ: ∆ × ∆ → [1, ∞) and Ω: ∆ × ∆ → [0, ∞). If, 

1. Ω (µ, ν) = 0 ⇔ µ = ν; 

2. Ω (µ, ν) = Ω (ν, µ) for all µ, ν ∈ ∆; 

3. Ω (µ, ν) ⩽ σ (µ, ν) [Ω (µ, w) + Ω(ν, w)] for all µ, ν, w ∈ ∆ 

Then (∆, Ω) is said to be an extended b-metric spaces. 

In 2018, Mlaiki et al. [5] gave a new type of extended b-metric space called controlled metric space as follows: 

 

Definition 1.3. [5] Let ∆ ≠ ϕ and σ: ∆ × ∆ → [1, ∞) and Ω: ∆ × ∆ → [0, ∞). If, 

1. Ω (µ, ν) = 0 ⇔ µ = ν; 

2. Ω (µ, ν) = Ω (ν, µ) for all µ, ν ∈ ∆; 

3. Ω (µ, ν) ⩽ σ(µ, w)Ω(µ, w) + σ(ν, w)Ω(ν, w) for all µ, ν, w ∈ ∆ 

Then (∆, Ω, σ) is said to be a controlled metric space. 

 

Definition 1.4. [5] Let {µn} n≥0 be a sequence in (∆, Ω, σ). 

1. {µn} n≥0 → 0 in ∆, is convergent if ∀ϵ > 0, ∃N = N (ϵ) ∈ N such that Ω (µn, µ) < ϵ, ∀n ≥ N. 

2. {µn} n≥0 is Cauchy, if ∀ϵ > 0, ∃N = N (ϵ) ∈ N such that Ω (µm, µn) < ϵ, ∀m, n ≥ N. 

3. If every Cauchy sequence in (∆, Ω, σ) is convergent then (∆, Ω, σ) is complete. 

 

Theorem 1.1. [5] Let (∆, Ω, σ) be a complete controlled metric space. Let T: ∆ → ∆ be such that 

 

 Ω (Tµ, Tν) ≤  Ω (µ, ν), ∀µ, ν ∈ Ω 

 

Received: 28-07-2024  

Accepted: 08-09-2024 

 

mailto:shivanichourasiya10@gmail.com
mailto:kavita.rohit@rediff.com
https://doi.org/10.62225/2583049X.2024.4.5.3225


International Journal of Advanced Multidisciplinary Research and Studies   www.multiresearchjournal.com 

254 

Where ϵ [0, 1). For µ0 ∈ ∆, take µn = Tnµ0. Suppose that, 

  
 

Assume that ∀µ ∈ ∆, limn→∞ σ (µn, µ) and limn→∞ σ (µ, µn) exist and are finite. Then, T has a unique fixed point. 

In 2020 Lateef [4] generalized the above result as follows: 

 

Theorem 1.2. [4] Let (∆, Ω, σ) be a complete controlled metric space. Let T: ∆ → ∆ be such that 

 

  
 

∀µ,  ∈ ∆, where , ∈ [0, 1) such that  For µ0 ∈ ∆, take µn = Tnµ0. Suppose that, 

  

   
 

Assume that ∀µ ∈ ∆, limn→∞ σ (µn, µ) and σ (µ, µn) exist and are finite. Then, T has a unique fixed point. 

In this paper, we generalized the above result in a new type of rational contraction in controlled metric space. 

 

2. Main Results 

Theorem 2.1 Let (∆, Ω, σ) be a complete controlled metric space. Let T: ∆ → ∆ be such that 

 

  (2.1) 

 

∀µ,  ∈ ∆, where , ∈ [0, 1) such that  For µ0 ∈ ∆, take µn = Tnµ0. Suppose that, 

 

  
 

Assume that ∀µ ∈ ∆, limn→∞ σ (µn, µ) and limn→∞ σ (µ, µn) exist and are finite. Then, T has a unique fixed point. 

 

Proof.  

Let µ0 ∈ ∆. We construct {µn} in ∆ by = T , ∀n∈ N. If ∃µn ∈ N for which µn+1 = µn, then Tµn = µn. Hence the proof is 

finished. Now, we assume that µn+1 ≠ µn ∀n ∈N. Thus by (2.1), we get  

 

  
  

  
  

    
  

  
 

   
 

   
 

  
 

Similarly, 
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Repeating this process we get, 

 

  
 

 
 

Thus,  

 

For all n, m ∈ N (n<m), we have 
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Then we get, 

 

  
 

Using  and ratio test,  exists. Thus  is Cauchy. 

 

   
 

Thus,  is a Cauchy in (∆, Ω, σ). Let there exists  such that 

 

  (2.2) 

 

i.e.  as n . Then from (2.1) and condition 3. of controlled metric space, we get 

 

  
 

  
 

   
 

  
 

 and by using (2.2), we get a contradiction to  T 

 

Thus . Hence it is proved. 

 

Corollary 2.1 Let (∆, Ω, σ) be a complete controlled metric space. Let T: ∆ → ∆ be such that 

 

  (2.1)  

 

∀µ,  ∈ ∆, where  and , ∈ [0, 1) such that for µ0 ∈ ∆, 

take µn = Tnµ0. Suppose that, 

 

  
 

Assume that ∀µ ∈ ∆, limn→∞ σ (µn, µ) and limn→∞ σ (µ, µn) exist and are finite. Then, T has a unique fixed point. 
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