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Abstract

In the current paper, we derive common fixed-point theorem renowned findings from the literature are modified by our
for generalized rational contractions that involve specific findings.

control functions in a controlled metric space. Numerous
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1. Introduction and Preliminaries

In 1906, Fréchet established the concept of a metric space. In 1922 Banach M gave contraction mapping principle. Many
researchers generalized and extended this principle in different spaces like semi-metric, pseudo-metric, extended b-metric,
partial, b-metric, and controlled metric spaces [see, 6-10] Czerwik [ gave the notion of b-metric space as follows:

Definition 1.1. @ Let A # ¢ and Q: A x A — [0, ). If,

.Q,v) =0 pn=v;

2.Q(u,v)=Q (v, p) forall p, v € A;

3.Q(n, w) <s [Q(p,v) +Q (v, w)] forall p, v, w € A

Then (A, Q) is said to be a b-metric space.

In 2017 Kamran et al. B! defined the notion of a extended b-metric space as follows:

Definition 1.2. Bl Let A # ¢ and 6: A x A — [1, o) and Q: A x A — [0, ). If,

.QW,v) =0 pn=v;

2.Q(r,v)=Q (v, forall u,v € A;

3.Q(r,v) <o (w,v) [Q (1, w) +Q(v, w)] forall u, v, w € A

Then (A, Q) is said to be an extended b-metric spaces.

In 2018, Milaiki et al. ¥ gave a new type of extended b-metric space called controlled metric space as follows:

Definition 1.3. B Let A # ¢ and 6: A x A — [1, o) and Q: A x A — [0, ). If,
.Q,v)=0e u=yv;

2.Q(u,v)=Q (v, p) forall p,v € A;

3.Q (u, v) < o(p, w)Qu, w) + o(v, w)Q(v, w) for all p, v, w € A

Then (A, Q, o) is said to be a controlled metric space.

Definition 1.4. B Let {1} =0 be a sequence in (A, Q, o).

1. {pn} 20— 0 in A, is convergent if Ve >0, IN = N (€) € N such that Q (un, 1) <€, Vn>N.
2. {Mn} n=0is Cauchy, if Ve >0, IN = N (€) € N such that Q (um, Un) <€, Vm, n > N.

3. If every Cauchy sequence in (A, Q, o) is convergent then (A, Q, ) is complete.

Theorem 1.1.5 Let (A, Q, o) be a complete controlled metric space. Let T: A — A be such that

Q(Tu, TV <Y Q (1, v), Vi, vEQ
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Where ¥ € [0, 1). For po € A, take pn = T"Ho. Suppose that,
Ot itz O(Hig, m) < 1
oM Mi+a) A

SUpp=1 lim
~ T i—=coo

Assume that VL € A, limp—e 6 (pn, 1) and limn_. o (i, pn) exist and are finite. Then, T has a unique fixed point.
In 2020 Lateef [ generalized the above result as follows:

Theorem 1.2. 1 Let (A, Q, 6) be a complete controlled metric space. Let T: A — A be such that

0 (0, Tu)Q (v,Tv)
14+ 0(wv)

(T, Tv) < yQ (bv)+8

v, ¥ € A, whereY, & € [0, 1) such that A=y+8<1lgy Ho € A, take pn= T"Ho. Suppose that,

li AR e LY = L
SUPmze1 i—oe o (Mgl y ) A

lim
Assume that VL € A, limy— 6 (1, M) and n—+==c (u, pn) exist and are finite. Then, T has a unique fixed point.
In this paper, we generalized the above result in a new type of rational contraction in controlled metric space.

2. Main Results
Theorem 2.1 Let (A, Q, 6) be a complete controlled metric space. Let T: A — A be such that

0w T(w )2 (v T(u))
14+0({T{p),T(u))

Q(Tu,Tv) < ‘rmax{ﬂ(u,u], } +8{a(n, T(W) + v, T(L) )}

(2.1)

vy, Y € A, where Y, 5 ¢ [0, 1) such that A=y+6<1l.py Ho € A, take pn= T"Ho. Suppose that,

Ol iypeMlipn Jal Hig -_;!11}

. 1
su , lim - < =
Pmz1 P— l3',,|.l[,.|.l[+-_:| A

Assume that VL € A, limy— 6 (1, 1) and lima—. 6 (i, pn) exist and are finite. Then, T has a unique fixed point.

Proof.

Let o € A. We construct {in} in A by Hn#1= THn wne N. If 3p, € N for which pins1 = pn, then T, = pa. Hence the proof is
finished. Now, we assume that pln+1# pn V0 €N. Thus by (2.1), we get

n(“n’ I"l:lz+1j =0 (Tl-l;q—j_r Tl-luj

ﬂ[“n—llT(I"ln—lj)ﬂ[“”’ T(“”))}
1+ 0(T(,—y ). T(w,))

= Y max {n(“n—l’ Ky ]’

+5{ﬂ[:|"ln—1! T(I"I':lz—l:]) + ﬂ[l‘l?l’ T(I"l”j)}

0 pp g b ) g g :'}
1 +ﬂ':un,un+._ )]

=y max {ﬂ(“u—lF “njf
+5{ﬂ[:|.1”_1, I"Lu) + ﬂ[:“u’ |"l:'z+1)}
£ [:-'l"r + a)ﬂ(“n—lr “:-zj + aﬂ[:“n’ I"l:lz+1j

v+ 8

ﬂ[:p_”, IJ':':+1) = (m) ﬂ(“n—l’ “nj = m[:“n—lr “nj

Similarly,
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ﬂ(“u—lf “:z) =10 (T“:z—ffT“n—l)
ﬂ(_“n—flT(“Jz—fj)ﬂ(“n!T(“n - 1))}
1+ H[T(“::—Z )!T[H:z—l])

=y max {ﬂ(u”_:r Hp—1 ),

+5£ﬂ[“u—2’ T(P—n—:)) + Q [“n—l’ T[:P-;-z—lj )}

o] (TIEPTISY L+ ToTIY }}
1+ ﬂ':un_._,un b

=Y max {ﬂ(“n—ff I"I':'!—l)’
‘HS{H(P.”_:, “:z—l) + ﬂ(“n—lf “J!)}
£ [:-'l"r+ ajﬂ(“u—ﬂf I"l:z—lj + 5ﬂ(“n—1’ I"l:'z:]}

y+56

ﬂ(l-l;.;_j_: I'J':-z:I = (m) ﬂ(“n—fl I"I':'!—l) = m(l-l;.;_:: “:1—1)

Repeating this process we get,
O M) = 200,y 1y)
Elzﬂ(u,;_:r lmg) = - = A0 (g, 1y)
Thus, Oy Bps1) = A"Q(1g, 1y

For all n, m € N (n<m), we have
n(“n’ I"lmj = G(“n’ I"l:z+1jﬂ(|’lu! |"l:-z+1j + G[H:z+1’ I"lm]n(“n+1’ I"lmj

= (USTEEPY (oI TRATHSPY . (TRSP T [/ (VRSP TIPS (o] (ISP TITY
S (TSSPTI T (TR Lo (THIPY T

L1 CTRATRIY [o] CTRISTHGNY [ S (TRESTI [/ (TR TIPS (o] (TR TIIRY
Suc1 (UNRRTIN . (TREP TN |-/ (TR TR [+ | (TRESATIGY

+G[|"l:'z+1’ I"lm )G[:I"I':'z+2! I"lm)g(“n+3’ “rn)ﬂ(“u+31 I"lm)
<

= G(“n’ I"l:lz+1j nt"'l:'z’ Ky +1j

m—

2 i m-1
+ Z 1_[ G[“j’“m) G(“E’“Hl)ﬂ(“i’“Hlj_'_( 1_[ G(“i’“m))g(“m_l’ Hn ) (M )

i=n+l \j=nt+l i=nt+l

£ CF[:lJ-,!; |J-;|;+1)}'-” ﬂ[:“DJ' “l)

-

m—2 1 m—1
+ Z 1_[ (11 ) G(upuf+13l"ﬂ(uwu1)+(ﬂ crEupumJ)cr(um-lrumJl’”'lﬂiuwulJ

i=n+l \j=nt+l i=n+1
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m—1 i

= oy Mps ) A" Q(Rg 1y ) + Z 1_[ cr[p}-, “:n) G(Hi’“Hl)}"iﬂ(“Df“lj
i=n+l \j=nt+l

m—1 i

= n(“n’ I"I':'J‘l:] = G(“:z’ I"I':lz+1]‘-':"nﬂ(|"lﬂ’ I"ll) + Z l_[ G[u}" I"lm) G(Hf’ “f+1]lin(“5’ I"ll]

i=n+1 \ j=nt+l

m—1 i

LEtrrk = Z 1_[ G(_I-'l_;'r I"lm) G[“ir I"li+1]}"in[:|-'l[p|-11]

i=n+l \ j=nt+l
Then we get,
ﬂ(“u! I'J'mj < i-H:P'I]U' I‘J'l) [}L”G(P‘n! |J.”+1j + [Fm—l - r:lz]:l

lim I
Using o(1v) = 1, 4nd ratio test, n—e== " exists. Thus {Talis Cauchy.

—, lim O(u, n,) =0

n,m—oa
¥
Thus, {“n} is a Cauchy in (A, Q, o). Let there exists H € A quch that

lim Q(p,, n* )=0,
n—oa

2.2)

ie. Hn = 1 asn ™ % Then from (2.1) and condition 3. of controlled metric space, we get

Q(p", Tr') < o1 e )W 1y p1) + 0(s, TRDQ(M,5,, THY)

= o(1', 11 )OS e ) + (g, TW)Q(Th,, To")

Q(p", Tr') < o (B Hps AR g ) +

E(tyeq, TH)ymax {ﬂ(un, u*],m T_;II;TTEIE;III}E:”} + S{H[Hw T(Hnj) + ﬂ[f; T(Ll%))}
Taking the limit as n — @ 4 by using (2.2), we get a contradiction to O(p",Tu') = 0. 1
Thus 20", TH) = 0= 1* = Tu" Hence it is proved.
Corollary 2.1 Let (A, Q, ) be a complete controlled metric space. Let T: A — A be such that

O(Tw,Tv) <y max{ﬂ(p,u),m milxtﬁgﬁlﬂru:;:gmu}} + S{H[u, T[p)) + ﬂ[‘u, T[U))} -

vy, ¥ € A, where ﬂ[“’T("")) + H[U’T[“))+ Q(pu) #0 and Y, 8 ¢ [0, 1) such that A=y+8<1gy Ho € A,
take pn = T"Wo. Suppose that,

sup,.., lim (M4 Wia2)9(Hysy. m) {E
m=1 n—+oa G(I-J-g'r I"I'f+1) 3

Assume that VUL € A, limy—a 6 (pn, 1) and lima_.. o (i, pn) exist and are finite. Then, T has a unique fixed point.
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