Int. j. adv. multidisc. res. stud. 2024; 4(4):738-753

Received: 18-06-2024

: International Journal of Advanced Multidisciplinary
Accepted: 28-07-2024 .

Research and Studies

Applied for Higher Order Bezier Curve using MATLAB

1 Taha Gabaireldar Elradi, 2 Subhi Abdalazim Aljily Osman, 3 Musa Adam Abdullah

! Department of Mathematics, Faculty of Science, University of Albutana, Sudan

2 Department of Mathematics, Faculty of Computer Science and Information Technology, University of Albutana, Sudan

3 Department of Mathematics, Faculty of Computer Science and Information Technology, University of the Holy Quran and
Tassel of Science, Sudan

DOI: https://doi.org/10.62225/2583049X.2024.4.4.3102

Corresponding Author: Taha Gabaireldar Elradi

Abstract

A Bézier curveis aparametric curve used incomputer
graphics and related fields. A set of discrete "control points"
defines a smooth, continuous curve by means of a formula.
The piecewise nature of a Bezier curve means that its
representative equation is a linear combination of Bezier of
particular degrees. The aim of this study is to infer Bézier
curve graphs from higher orders using MATLAB. Where
the applied analytical method was used | have reached .Will

be clarified, and the following results have been reached t is
used in the linear curve association to express the distance

(B(t) on the line between the points F2 and Pz, In a second-

divide each line by placing a point on it and then connect the
new points to each other (note that we get rid of a point at
each stage), and we repeat the process until we have only
one line left. So, we put (B(t) on it and then we draw the
curve. By comparing the manual solution and the solution
using MATLAB, we find that the solution using MATLAB
is faster and more accurate, especially at higher levels. And
the study recommends the following : It is noted that the
curve lies completely within the convex closure of the
points, so these points are used with ease to form the
required curve, it is also possible to apply geometric

transformations (such as rotation and sliding) to the curve by
applying this transformation to the control points of this
curve.

order Bezier curve, we can create intermediate points such
as 2 and 2. These points have a value located in the

interval [L2] To obtain a Bezier curve for higher degrees,
note that the idea in arriving at drawing the curve is to
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Introduction
The curve theory is used in differential geometry, kinematics, robotics and engineering. Bezier curves are important subset of
the curves. Bezier curves have been used in computer-aided geometric design (CAGD) and in many areas. For every Bezier
curve, the control points are uniquely defined . In CAGD, the most popular areas of research are used shape control parameters
to construct Bezier curves(Senay Baydas and Bluent Karakas, Defining a curve as a Bezier curve, Journal of Taibah University
for Science, 2019).
A Bézier curve is a parametric curve that is used to draw the shapes in the fields of computer graphics and computer-aided
geometric design. The Bézier curve is usually followed by the defining polygon. The tangent vectors direction at the end is the
same as the vector defined by the first and last segment of the Bézier curves. It is useful in many industrial and engineering
fields with various applications. Since Bézier curve always mimics the shape of its control polygon, designers can easily attain
the required shape for designing purposes. (Salma Naseer and others, A Class of Sextic Trigonometric Bezier Curve with Two
Shape Parameters, researchgate, 2021).
The construction of curves and surfaces is a key issue in computer aided geometric design (CAGD). The CAGD method arise
from the need of the efficient computer representation of practical curves and surfaces, which is very broadly used in
engineering design. In CAGD, the parametric curves is the combination of basis functions and control points. The parametric
representation of curves and surfaces with shape parameters have received attention in recent years. In recent years, the
trigonometric with shape parameters play a very important role in CAGD in the design of curves. Many works have been done
with the help of trigonometric polynomial for the representation of the curves and surfaces. Therefore, it is clear that Bézier
curves, the quadratic and cubic Bézier curves, have very wide applications. In recent years, trigonometric polynomial curves
like those of Bézier type are considerably in discussion (Mridula Dube and Bharti Yadav, The Quintic Trigonometric Bézier
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Curve with single Shape Parameter, International Journal of Scientific and Research Publications, 2014).

Bezier curves (BC) were independently developed by Casteljau and Bézicr in the last century, and while their origin can be
traced to the design of car body shapes in the automotive industry, their use is no longer confined to this field. Indeed, their
robustness in curve and surface representation means they pervade many areas of multimedia technology including shape
description of characters and objects, active shape lip modelling, shape coding and error concealment for MPEG-4 coded
objects and surface mapping.(Ferdous Sohel and others, A dynamic Bezier curve model, semanticscholar, 2005).

in this area obtaining new curves have been very important for CAD and CAM. The most known and commonly used in
CAD/CAM curves are Bezier curves. (Asli Ayar and Bayram Sahin, Curves used in highway design and Bezier curves,
doi.org, 2022).

B” ezier Curves were invented in 1962 by the French engineer Pierre B” ezier for designing automobile bodies. Today B” ezier
Curves are widely used in computer graphics and animation. The B” ezier curves have useful properties for the path generation
problem. (Jiwoong Choi and others, Smooth Path Generation Based on B’ezier Curves for Autonomous Vehicles, iaeng.org,
2009).

1. The B’ezier Curve:

The B’ezier curve is a parametric curve P(t) that is a polynomial function of the parameter t. The degree of the polynomial
depends on the number of points used to define the curve. The method employs control points and produces an approximating
curve (note the title of this paper). The curve does not pass through the interior points but is attracted by them. It is as if the
points exert a pull on the curve. Each point influences the direction of the curve by pulling it toward itself, and that influence is
strongest when the curve gets nearest the point. Fig 1 shows some examples of cubic B ezier curves. Such a curve is defined
by four points and is a cubic polynomial. Notice that one has a cusp and another one has a loop. The fact that the curve does
not pass through the points implies that the points are not “set in stone” and can be moved. This makes it easy to edit, modify
and reshape the curve, which is one reason for its popularity. The curve can also be edited by adding new points, or deleting
points. But they are cumbersome because the mathematical expression of the curve depends on the number of points, not just
on the points themselves.

Fig 1: Four Plane Cubic and One Space B ezier Curves with their Control Points and Polygons

The control polygon of the B ezier curve is the polygon obtained when the control points are connected, in their natural order,
with straight segments. How does one go about deriving such a curve? We describe two approaches to the design a weighted
sum and a linear interpolation and show that they are identical.

1.1 Pascal Triangle and the Binomial Theorem

The Pascal triangle and the binomial theorem are related because both employ the same numbers. The Pascal triangle is an
infinite triangular matrix that’s built from the edges inside

We first fill the left and right edges with ones, then compute each interior element as the sum of the two elements directly
above it. As can be expected, it is not hard to obtain an explicit expression for the general element of the Pascal triangle. We
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first number the rows from 0 starting at the top, and the columns from 0 starting on the left. A general element is denoted by (),

We then observe that the top two rows (corresponding to i = 0,1) consist of 1’s and that every other row can be obtained as
the sum of its predecessor and a shifted version of its predecessor. For example,

1 33 1
+1 3 3 1
1 4 6 4 1

This shows that the elements of the triangle satisfy

i i
()=(,)=1, i=0,1,..
0 i
(=(_0)+(7) =23 =12m0-0
= » 1= 2,350, = L& a1 —
¥ o\i—1/7\ :

From this it is easy to derive the explicit expression
i i—1 i—1
(j):(j—1)+( j )
-1 (i— 1)!
TG-DG-p! G- 1-p!
_ii-1r  G-pa-1)!
jta—ie jita—i!

TICED)

Thus, the general element of the Pascal triangle is the well-known binomial coefficient

() =ra-m

The binomial coefficient is one of Newton’s many contributions to mathematics.
His binomial theorem states that

(a+b)"= i(?) a'b™!

@
This equation can be written in a symmetric way by denotingi = ™ — i The result is
i+j=n
i+
@royr= y S
Lij:
ij=0 ] 2)
From which we can easily guess the trinomial theorem
i+j+k=n "
i+ji+ k!
(H+b+C)n= %Hlblck
1. ] K.
ks ) 3)

1.2 The Bernstein form of the B'ezier Curve
The first approach to the B"ezier curve expresses it as a weighted sum of the points (with, of course, barycentric weights). Each

control point is multiplied by a weight and the products are added. We denote the control points by Fo: P+ B (n is therefore
defined as 1 less than the number of points) and the weights by Bi. The expression of weighted sum is
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n
P(t) = Z p;Bi(D 0<t<1
i=0

The result, P(Y), depends on the parameter t. Since the points are given by the user, they are fixed, so it is the weights that must

depend on t We therefore denote them by B:(Y). How should B:(® behave as a function of ty

We first examine Bo(t), the weight associated with the first point Fo. We want that point to affect the curve mostly at the
beginning, i.e., when t is close to 2. Thus, as t grows toward 1 (i.e., as the curve moves away from Fz), Eo(t) should drop down
to O, When Bo(fl = 0 the first point no longer influences the shape of the curve.

Next, we turn to B+(t), This weight function should start small, should have a maximum when the curve approaches the second

point P1, and should then start dropping until it reaches zero. A natural question is: When (for what value of %) does the curve
reach its closest approach to the second point? The answer is: It depends on the number of points. For three points (the case

n = 2y the B’ezier curve passes closest to the second point (the interior point) when ¥ = ©:5_ For four points, the curve is
1
nearest the second point when = 3. Itis now clear that the weighlt functions must also depend on ™ and we denote them by

Bri(t), Hence, B21(t) should start at ?, have a maximum at © — 2, and go down to @ from there. Fig 2 shows the desired

- - —pgttls
behavior of Enilt) for n = 2, 3, and 4. The five different weights B4il%) have their maxima atJc =027% and 1.

Fig 2: The Bernstein Polynomials forn =2, 3, 4

The functions chosen by B ezier (and also by de Casteljau) were derived by the Russian mathematician Serge™ Natanovich
Bernshte™n in 1912. They are known as the Bernstein polynomials and are defined by

n!

B,i(t) = (?) ti(l —t)»1 where (?) = m 4)

are the binomial coefficients. These polynomials feature the desired behavior and have a few more useful properties that are
. . . o . . .
discussed here. (In calculating the curve, we assume that the quantity ©°, which is normally undefined, equals 1.)
The B’ezier curve is now defined as
n n
P(t) = Z p; Bjn(t) whereB,;(t) = () t(1-t"'and 0<t <1
i=0 1 (5)

Each control point (a pair or a triplet of coordinates) is multiplied by its weight, which is in the range [?:1]. The weights act as
blending functions that blend the contributions of the different points.

When B’ezier started searching for such functions in the early 1960s, he set the following requirements:

1. The functions should be such that the curve passes through the first and last control points.

2. The tangent to the curve at the start point should be F1 — Bz, i.e., the curve should start at point Fz moving toward Fx. A
similar property should hold at the last point.

. . . . . . . Ity
3. The same requirement is generalized for higher derivatives of the curve at the two_extreme endpoints. Hence, B0
should depend only on the first point Fz and its two neighbors Pz and z. In general, (%) should only depend on Fz and

its ¥ neighbors Fi through Fk. This feature provides complete control over the continuity at the joints between separate
B’ezier curve segments.

4. The weight functions should be symmetric with respect to t and (1 = I, This means that a reversal of the sequence of
control points would not affect the shape of the curve.

5. The weights should be barycentric, to guarantee that the shape of the curve is independent of the coordinate system.

6. The entire curve lies within the convex hull of the set of control points.

The definition shown in Equation (5), using Bernstein polynomials as the weights, satisfies all these requirements. In
particular, requirement 5 is proved when Equation
(1) is written in the form [t+(1 — t)]n = - - - (see Equation (10) if you cannot figure this out). Following are the explicit

expressions of these polynomials for & = 2.3.and 4,
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Example (1): For ® = 2 (three control points), the weights are

Bo(® = ()00~ 00 = (12

Bx(0 = ()@ - vt =2t~ ),

By (t) = (;) t?(1-1)>% =t

and the curve is

P(t) = (1 — t)?Py + 2t(1 — ©)P, + t?P,

=((1 - D%2t(1 — 0),t5) (P, Py, P)T

1

=(9.L1)(—2
1

-2 1

Py
2 0) (P1)
0 0o/\P

(6)

MATLAB code to compute the quadratic Bézier curve for n=2 with three control points P,
,Pi,and P,.

% Define
PO = [o,
P1 = [1,
P2 = [2,
% Define

the control points (replace these with actual values)

@]; % Example values, replace with your actual coordinates
2]; % Example values, replace with your actual coordinates
@]; % Example values, replace with your actual coordinates
the parameter t from @ to 1

t = linspace(e, 1, 100);

% Calculate the Bernstein polynomials

B2@=(1-1t).72; B21=2%+t.*(1-1t); B22-=t."2;
% Calculate the curve points

P=B2@ *Po+B21" *Pl+B22 *P2;

% Plot the quadratic Bézier curve

figure; plot(P(:,1), P(:,2), 'b", 'Linewidth', 2); hold on;
plot([Pe(1) P1(1) P2(1)], [P@(2) P1(2) P2(2)], 'ro--');
points and polygon

legend('Bézier Curve', 'Control Polygon'); title('Quadratic Bézier Curve');
xlabel('x"); ylabel('y'); grid on; axis equal;

% Plot control

Quadratic Bézier Curve
2 T T T
Pt

Bézier Curve
1.8 / \ & — Control Polygon | 7

08

06

04 r

02

Fig 3: Bézier curve for n=2 with three control points Py, Py, and P,

www.multiresearchjournal.com
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In the special case ™ = 3, the four weight functions are
3
Byo(® = ()21 - 9% = (1 -0
3
B3 (1) = (1) th(1 -1 = 3t(1 - t)?,
3
B3, (t) = (2) t2(1 - 1372 = 3t%(1 - ©),
3\ .3 3-3 3
B;3(t) = (S)t (1—-1t)°""° =t
And the curve is
P(t) = (1—-13P, +3t(1—t)?P, +3t2(1 - 1P, + t’P, @)

=[(1-1)3%,3t(1 — )2, 3t2(1 — t), t3][Py, P, P, P5] "

[(1—3t+3t2 - %), (3t— 6t2 + 3t%), (3t — 3t3), 3] [Py, P, P, P3] T

-1 3 =3 1\ /P
o3 42 3 —6 3 ol\(hR
=@l 3 3 0 oflp
1 0 0 0 P; (8)

It is clear that F{t) is a cubic polynomial in t. It is the cubic B ezier curve.

The B’ezier curve can also be represented in a very compact and elegant way as F(£) = (1 — t + tE)"Py \yhere E is the shift
operator defined by ER = F+1 (ie., applying E to point B produces point Fi+1). The definition of E implies Efa = Fy
E°Fy = B and E'Po = B The B’ezier curve can now be written

P(Y) = ZLD ()ea-ovipi- Z; ())ea-omEp,
= Z; () ara-ompo

= (tE+ (1 -1)"po

Where the last step is an application of the binomial theorem, Equation (7).

MATLAR code to compute the cubic Bézier curve for N=3 with four control points pg, Pl: Pz

,and P3.

% Define the control points (replace these with actual values)

Pe = [©, ©]; % Example values, replace with your actual coordinates
P1 = [1, 3]; % Example values, replace with your actual coordinates
P2 = [3, 3]; % Example values, replace with your actual coordinates
P3 = [4, @]; % Example values, replace with your actual coordinates

% Define the parameter t from e to 1

t = linspace(e, 1, 100);

% Calculate the Bernstein polynomials

3@ =(1-t).73; B3 1=23%+% .* (1 - t).r2;

32 =3 % t.42 % (1 - t); B 3 3 = t.~3;

Calculate the curve points

=B 3@ *P@ +B 21" *Pl+B 32" * P2+ B 33" * p3;

% Plot the cubic Bézier curve

figure; plot(P(:,1), P(:,2), 'b", ‘Linewidth', 2); hold onj;

plot([Pa(1) P1(1) P2(1) P3(1)], [Pe(2) P1(2) P2(2) P3(2)], 'ro--"); % Plot
control points and polygon

legend( 'Bézier Curwve', "Control Polygon'); title('cCubic Bézier Curve');
xlabel('x"); ylabel('y"); grid on; axis equal;
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Cubic Bézier Curve

3k I ) I I T e I ]
I Bézier Curve

— © —Control Polygon

25 1

Fig 4: Bézier curve for n=3 with four control points Po: P» P>, and P;

Example (2): For n = 1, this representation amounts to

P(t) = (1 — t + tE)Py, = Py(1 — t) + Pt
For™ = 2 we get

P(t)= (1 — t + tE)°R,

=(1—t+tE—t+t* —t*E+tE—t"E +t'ET)R,

=By (1 — 2t+t7) + P (2t — 2t%) + Bt°

=PBy(1—t)" + B 2t(1 — t) + Bot°

Given ® * 1 control points Fo through En, we can represent the Bezier curve for the points by Ba (1)
|j| + . . .
£ (Y is defined recursively by
P00 = [.;1 —te Y w+ TV, forj= 0

i B, forj=0 9)

, Where the quantity

The following examples show how the definition above is used to generate the quantities B ) and why Ba" (1) is the degree-n

curve:
B =R, BM=P.B =P, ... B (t)=F,
P = (1 -8B (1) + tB (1) = (1 —t)B, +tB, |
B0 = (1 —tr M)+ et ()
= (1 —t)((1 - B + P} + t{(1 —t)P, +tB.)
= (1 —t)% Py + 2t(1 — t)P, + t°P, ,

B = (1 —tB (6 + tB 7 (1)

=(1—t) ({1 —op Y + 2 ) + t({l —oet ) + el

= (1 —t)° BV () + 21 — R () + t7B  (t)

=(1—t)*((1— )Py +tB, ) + 2t(1 — t)((1 —t)P, + tP, ) + t7((L — )P, + tB,
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=(1—t) By +3t(1 — t)°P, + 3t*(1 — t)B, + t7R .

MATLARB code to generate Bézier curves for n=1 using the recursive definition provided.

% Define the control points (replace these with actual values)

Pe = [@, ©]; % Example values, replace with your actual coordinates
P1 = [1, 1]; % Example values, replace with your actual coordinates
% Define the parameter t from @ to 1

t = linspace(e, 1, 100);

% Compute the Bézier curve for n = 1

P=(1-1t) *Po+t" *pP1;

% Plot the linear Bézier curve

figure; plot(P(:,1), P(:,2), 'b', 'Linewidth', 2); hold on;
plot([Pe(1) P1(1)], [P@(2) P1(2)], 'ro--'); % Plot control points and
polygon

legend( 'Bézier Curve', ‘Control Polygon');

title('Linear Bézier Curve (n = 1)'); xlabel('x"); ylabel('y");
grid on; axis equal;

Linear Bézier Curve (n=1)

1 . . y

Bézier Curve
09F — & — Control Polygon| |

0.7

03

0.2

0.1

0 . I L L L
0 0.2 0.4 0.6 0.8 1

X

Fig 5: Bézier curve for n = 1 using the recursive definition

MATLAB code to generate Bézier curve for n = 2 using the recursive definition

Define the control points (replace these with actual values)

0 = [0, 0]; % Example values, replace with your actual coordinates
1 =1[1, 2]; % Example values, replace with your actual coordinates
2 = [2, 0]; % Example values, replace with your actual coordinates
Define the parameter t from 0 to 1

= linspace (0, 1, 100):

% Compute the Bézier curve for n = 2 using the recursive definition
PO 0 = repmat (PO, length(t), 1); Pl 0 = repmat(Pl, length(t), 1):

[ v B v B w

P2 0 = repmat (P2, length(t), 1); P1 1 = (1 - t).' .* PO O + t.' .* Pl O;
P21 =(1-t)." .*xPLO+t." .*x P2 0; P2 2=(1-1t)." .*PL 1+ t.'
P2 1;

% Plot the quadratic Bézier curve

figure; plot(p2 2(:,1), P2 2(:,2), 'b', 'Linewidth', 2); hold on;
plot([PO(1}) P1(1) P2(1)], [PO(2Z) P1(2Z) P2(2)], 'ro--'); % Plot control
points and polygon

legend('Bézier Curve', 'Control Polygon');

title("Quadratic Bézier Curve (n = 2)'); xlabel('x"); ylabel('yv');
grid on; axis equal;

LK

www.multiresearchjournal.com
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5 Quadratic Bézier Curve (n=2)

AR Bézier Curve
181 — & —Control Polygon

1 ° 6 i ’ b

0.8

06

0.2

Fig 6: Bézier curve for n = 2 using the recursive definition

MATLAB code to generate Bézier curve for n = 3 using the recursive definition

% Define the control points (replace these with actual wvalues)

PO = [0, 0]; % Example wvalues, replace with your actual coordinates
Pl = [1, 3]; % Example wvalues, replace with your actual coordinates
P2 = [3, 3]; % Example values, replace with your actual coordinates

B3 [4, 01; % Example values, replace with your actual coordinates
% Define the paramseter t from 0 to 1

t = linspaces (0, 1, 100);

% Compute the Bézier curve for n = 3 using the recursive definition
PO 0 = repmat (PO, length(t), 1); Pl 0 = repmat(Pl, lsngth(t), 1);
P2 0 = repmat (P2, length(t), 1); B3 _0 = repmat(P3, l=ngth(t), 1);

p11=(1-¢t)." .*PO O+ t.' .*PLO; P21={(1-¢%)." .*P1L O+ t£." .*
Bz 0;
P31 =(1-¢t)." .*PZ O+ t.' .*P3 0; P22 =(1-¢%)." .* P11+ t."' .*
Bz 1;
p3 Z2=(1-¢t)." .*P2 1+ t.' .*P3 1; P33 = (1 - t)." .* P2_2 + t.' .*
P3_Z;

% Plot the cubic Bézier curve

figure; plot(P3_3(:,1), P3_3(:,2), 'b', 'LineWidth', 2);:

hold on; plot([BO(1) P1({1) P2(1) P3(1)], [PO{2) PL(2) P2(2) B3(2}], "ro——
'}; % Plot control points and polygon

legend ('Bézier Curve', 'Control Polygon'): title('Cubic Bézier Curve (n =
3)"); xlabel("x'): wlabel('v'):; grid on; axis equal;

Cubic Bézier Curve (n= 3)
3 [ T  J————— T .
/ Bézier Curve
— © — Control Polygon

251 .
2 - -
=151 1
1 - -
05 f \ -

0 ) ) ) ) . . .
0 0.5 1 1.5 2 25 3 35 4

X

Fig 7: Bézier curve for n = 3 using the recursive definition
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2. Properties of the Curve:
The following useful properties are discussed in this study:
1) The weights add up to 1 (they are barycentric). This is easily shown from

i w0 _ v Ay iy n—i
Newton’s binomial theorem @ TP)" = Liz o Ja :

n . . n
I=(t+(1—t)"= E (r,h]t'u — i = E By ;(t)
j=p * 17 i=0
2) The curve passes through the two endpoints B and Pa. We assume that 2° = 1 and observe that
Bpol0) = (;‘] 01— f=111"=1,
Which implies
n
P(0) :Z BE,;(0) = B,B,,(0) = B,
i=0
Also, the relation
Bpn(l)= {:‘11":'1 — 1" =1.1.0%=1,
Implies

n
P(1)= ) BBai(1)= BiBpa(l) =By
i=0

www.multiresearchjournal.com

(10)

3) Another interesting property of the B ezier curve is its symmetry with respect to the numbering of the control points. If we
number the points Fo- Pa-1+--+F3 we end up with the same curve, except that it proceeds from right (point F2) to left (point Fn).

The Bernstein polynomials satisfy the identity Bnjlt) = Banl1 -t

prove the symmetry

n . n ) .
Z'i:l}‘l:!'lﬁl:l.il:t"I = Z'i:ﬂpu_iﬁu 'II:J' - t-'l
4) The first derivative (the tangent vector) of the curve is straightforward to derive
n -
p(t) = Z BBq it
i=0

n . . . .
- Z B (?‘J[it'*tl — "+t n -1 -1 -1
i=0 ‘

n i . n-1 . .
Ziﬂp, (?:]lt"Li'l —yB-i_ Z B (?jt':'n —i)(1 - yn-i-t

i=0
-1 i
(Using the identity n(i5) = “:?] we get)
. . n—1 i—Lley _ gnim=131-1) _ not n—1 i svirq _ D=L
r.ziﬂﬁ(i_l?]t (1-1) nzi=nﬁ( )tn-na-v

(But ?:ﬂti_li.l NI =p ()

n-1 ) n—L _
”Z. B iBroyilt) - l’lz_ BB,_, it
1=0 i=0

n-1 -
n).  [Bei=AlBoi®

s0)

n—1
nz APB, ,;(t) where AP, =P, —P
0

(11

! which can be proved directly and which can be used to
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Note that the tangent vector is a B ezier weighted sum (of n terms) where each Bernstein polynomial is the weight of a
“control point” 4F (4% is the difference of two points, hence it is a vector, but since it is represented by a pair or a triplet, we
can conveniently consider it a point). As a result, the second derivative is obviously another B ezier sum based on the  — 1
“control points” AR -AR,, AR =R, 9B, 4B

L
. . . . £ =1 . o . .
5) The weight functions Bni't) have a maximum at = ~ ™. To see this, we first differentiate the weights

Eﬂii.t:lz( j[ltl—L(l _I+tl:n—lll:l—tlu I—J.l:_ 1)]
= (T‘] it =41 — )i - (r_:::ltil:'n —i)(1—t)n- i

0 I:Ii::“ti_]-':l - I:ujlt n—i1 -t - =i — t:||:|—|—J_

then equate the derivative to zer =0 Dividing by yields

i(1—t)—tn—i1=0qF =7 "

6) The two derivatives P (%) and P*(1) are easy to derive from Equation (17) and are used to reshape the curve. They are
PY(0) = n(F, — ) and P*(1) = n(Ba— Ba_1)_ Since n is always positive, we conclude that P*(0), the initial tangent of the curve,
points in the direction from Fo to Fi. This initial tangent can easily be controlled by moving point Fx. The situation for the final
tangent is similar.

7) The B’ezier curve features global control. This means that moving one control point B modifies the entire curve. Most of
the change, however, occurs at the vicinity of B. This feature stems from the fact that the weight functions En i) are nonzero
for all values of t except t = 0andt = 1 Thygs any change in a control point B affects the contribution of the term BBni(t) for
all values of £. The behavior of the global control of the B”ezier curve is easy to analyze. When a control point Fx is moved by
a_vector (@P) to a new location Px+ (®B) the curve P(t) is changed from the original sum ZEniltA to

Z By tIB + By (t) (o ) = P{E) + Byt (o )

Thus, every point F(ta) on the curve is moved by the vector Buxlto)(®f) The points are all moved in the same direction, but

by different amounts, depending on fo.(In principle, the figure is for a rational curve, but the particular choice of weights in the
figure results in a standard curve.)

8) The concept of the convex hull of a set of points was introduced. Here, we show a connection between the B ezier curve and

the convex hull. Let Pr Fz---.Fa be a given set of points and let a point F be constructed as a barycentric sum of these points
with nonnegative weights, i.e.,

n
F:Zaiﬁ where Zai:l anda; =0
i=1

It can be shown that the set of all points P satisfying Equation (12) lies in the convex hull of Fi, Fz through En. The B ezier
curve, Equation (5), satisfies Equation (12) for all values of £, so all its points lie in the convex hull of the set of control points.
Thus, the curve is said to have the convex hull property. The significance of this property is that it makes the B ezier curve
more predictable. A designer specifying a set of control points needs just a little experience to visualize the shape of the curve,
since the convex hull property guarantees that the curve will not “stray” far from the control points.

(12)

9) The control polygon of a B“ezier curve intersects the curve at the first and the last points and in general may intersect the
curve at a certain number m, of points (Fig (1), where m is 2, 3, or 4, may help to visualize this). If we take a straight segment
and maneuver it to intersect the curve as many times as possible, we find that the number of intersection points is always less
than or equal m. This property of the B ezier curve may be termed variation diminution.

10) Imagine that each control point is moved 10 units to the left. Such a transformation will move every point on the curve to
the left by the same amount. Similarly, if the control points are rotated, reflected, or are subject to any other affine
transformation, the entire curve will be transformed in the same way. We say that the B ezier curve is invariant under affine
transformations. However, the curve is not invariant under projections. If we compute a three-dimensional B ezier curve and

project every point on the curve by a perspective projection, we end up with a two-dimensional curve F(t,
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If we then project the three-dimensional control points and compute a two-dimensional B ezier curve 2t from the projected,

two-dimensional points, the two curves F(t) and Q) will be different. Invariance under projections can be achieved by
switching from the standard B ezier curve to the rational B”ezier curve.

2.1 Reparametrizing the Curve:
The parameter t varies normally in the range (%11 It is, however, easy to reparametrize the Bezier curve such that its

parameter varies in an arbitrary range [ b1 where a and b are real and # = B. The new curve is denoted by Fax(t) and is simply
the original curve with a different parameter:

=123

The two functions Fab(t) and PIt) produce the same curve when  varies from a to b in the former and from 0 to 1 in the latter.
Notice that the new curve has tangent vector

pt (t - ﬂ.*]

Pin(t) = b—a

bh—a

Reparametrization can also be used to answer the question: Given a B ezier curve P(t) where © = t = 1 how can we calculate
a curve 2 that’s defined on an arbitrary part of F(t)2 More specifically, if P(t) is defined by control points % and if we select
an interval [ B] how can we calculate control points i such that the curve Q%) based on them will go from F(2) to P(PJ [je.,
Q(0) = P(a) and QL) = P(b)] and will be identical in shape to P() in that interval? As an example, if [&:B] = [0.0.5] then Q(t)
will be identical to the first half of P(t). The point is that the interval (-] does not have to be inside [?:1]. We may select, for
example, [2:b] = [0.9.1.5] and end up with a curve () that will go from P(9-9) to P(1.5) as t varies from 0 to 1. Even though
the B’ezier curve was originally designed with © = t = 1 jn mind, it can still be calculated for t values outside this range. If
we like its shape in the range [0-2:1-1] we may want to calculate new control points i and obtain a new curve 2(t) that has
this shape when its parameter varies in the standard range [%:1]. Our approach is to define the new curve QUt) as

B([b — alt + a) and express the control points @ of Q(t) in terms of the control points B and a and b. We illustrate this
technique with the cubic B ezier curve. This curve is given by Equation (8) and we can therefore write

Q) = Pi[b — alt + a)

—~1 3 -3 1, /B
e 3 2o oyl 3 -8 3 o|fR
={([b=alt+a) ([b—alt+a)".(b—alt+ a;.l;(_a 3 0 D) P,
1 0 00 \R
ib—a)® 0 o 0% —1 3 -3 1, /B
2.7 . 44| 3ab—a) (b—a)° 0 i 3 -5 3 ol\[P
=ittt .t.1 . ! /
l: ! 3as(b—a) (b—a) b—a 0{—3% 3 0 0f{E
% 2 o 1/ 1 0 0 07 ARy
= T(t)-A-M-P
=T(t)-M-M~t-4-M-P
= T(t)-M-(M~L-4-M)-P
= T(t)-M-B-P
= T(t)-M-Q,
Where
B=M1' - a-M
(1—a)? 3(a—1)"a 3(1 —a)a® a?
(a—10%1—-h) (a—1)(-2a—h+3ab) a(a+ 2h— 3ah) 2°h
(1—a)y(—1+h)® (b—1)(—a— 2b+3ah) b(Za+ b — 3ab) ab”
(1 —h)? 3(b—1)%h 3(1— bk’ b?

(13)
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The four new control points ®i-t = 0.1.2.3 gre therefore obtained by selecting specific values for a and b, calculating matrix
B, and multiplying it by the column

P = (P PP By
Example (3): We select values ® = 2 and # = 1. The new curve 2(t) will be identical to the part of F(t) from P(1) to P(2)

(normally, of course, we don’t calculate this part, but this example assumes that we are interested in it). Matrix B becomes, in
this case

{ 0 o1

_{ o 0 -1 2
B _( 0 1 -4 4)

-1 &6 -—-1% &

(It is easy to verify that each row sums up to 1) and the new control points are

QD FD F!

Q—L _ B FJ_ _ _F: + ZF!

Q: - F: - FL_4F: + ‘4Fg

Q. P, —F, + 6P, — 12P, + 8B,

To understand the geometrical meaning of these points, we define three auxiliary points

R as follows:
R, = B,+(F, — B)
R. =P, +(F — B,),

R; = R, + (R, — R;) = PO — 4P, + 4P,,
And write the @i < in the form

Qo = Fz,

0, =Pk +(F — B},

Q- Q,+(Q;, — R =F — 4F + 4R,

Q; = Q-+i(Q. — Ry} —F, + 6P, — 12F, + BF,.

Fig (3) illustrates how the four new points @i are obtained from the four original points Fi.

Fig 8: Control Points for the Case [a, b] = [1, 2]
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MATLE Code The new curve ([f) will be idemtical to the part of B(t) from P(1) o P(2)

{nomenalty

Y Defina tha original centrol points (replace thase with actual waloas)
Bl — [0, 0]; % Example -walugs, caplicd wifh your actueal coo-dinzatao
Fl = [1, Z]; % Example walugs, saplacd with youer aotoeal

F2 — [3, 2]; % Examplie -alucs, caplaca wifh yours actueal

F31 — [4, 0]; % Examplie -walugs, caplaca wifth yours actueal

b Defina tha tramnsfocmation mateix B

B- [0, d, 0, 0 O, 1, -1, Z;, 4O, 1, -1, &; -4, 4, -1, 8]

L Calewlate the mew comt=ol points

Q- BB * [PDOy Fl; FP2; PZ]:

L Dizplay Tha Oew oonto-sl points

diap{'Haw contzol points Q:="1; dispid)z
¥ Raxllizzy poinka
Rl - F1 + {Fl1 - FO0); RZ — PZ + [(PZ - Fll», B3 — B2 + (K2 - El);
Y Altecnati-a calowlation of QO § weing auwxiliacy points
o0_=slt — P3; GQl_=s1lt - B3 + [F3 - PZ):
Q2_&lt — QL_alt + (gl_a1t - EZ); Q3 _alt - Q2_s1t + [(Z_alt - A3];
% Display tha altecnati-r-a caleslated contool polnts
digp{'Alte-smati-g calcoulation of Q:");
diap{[30_alt; QIL_alt; 0Z_a&alt, Q3 _alk]l);
Vezify that both metheds giw-a the Same —eoelt
if fs@gual {=oand{Q, 10], souedi[00_alt; Ql_&lt, O2_alk; O3 _alt]l, 10h)
digp ["Tha calculated contonl polnta matsh. ") ;
alauw
digp ["Tha calewlated contzol polnts do not matek ");
and
%t Defina thae pazamater € from 0 to 1
t = lingpacai(d, 1, 100];:
Y Computs the Bfzler cweowa ({t) osing the naw contcol points
G cuza = {1 - £]"."3 * Q(l,:] + 3 * (1 -tLj"."Z .* T" * Q{Z, =} + 3 * (1
- £} " .* "2 * Qi{3,.:=] + t".*3 * Qid, =]
% Plot the ociginal combzol points and thels BEéclac cuswe
figqura;

plot{EO0(1], FO([2], '=o°, "Mazkes3ize', 5, 'Displayfane’, "E_0°'}; hold on;
plot {F1(1], Fl(Zl. 'go”, "Markerdire', 5, 'DdsplayWame', "F_17};

plot {F2(1], F2(2). 'bo”, "Markerdire', 5, 'DdsplayWame', "F_2°);
plot{F3(1], FI[2), 'mo”, "Markerdize', 5, 'DdsplayWame', "F_37);
elat{[FI(1), F1(l), PZ{1), PE{1)]1, [FI(Z)., F1([Z), Fz{Z), PE{2}], "k-——",

'Maplayfama’, "O-iginal Conkbzol Polygqon®™);

L Flot the naw contsol points and thels Bézier cucwe

elot {3 Suswai:, 1], O cuswma(:,Z), "b", "Limaidth', Z, 'DdaplayNama',
'Blxrigrs Corrd QLE)");

elat {3(1,.1), Q(L.2), "=*', "MackarSiza", B, "Display¥ama, "0 _07)1;
elat {302, 1), QIZ.2), "g*', "MackacSiza", B, "ODisplagMama, "0 171
eloat{3(3,1), Q(3.2), "b*', "MackarSiza", B, "Display¥ama™, "Q_Z°]1;
eloat {304, 1), QI4.2), "m*', "MackacrSiza", B, "DisplagMama, "3 371
elot{[Q03,1), QIZ. 10, Q03,21 Q04 101, [Q41.21. QI2.2), G(3.2), Q04.211.
'b—-", "Displaybama’, "Naw Contcol Polygon' g

Y Add lageeds and titles

lageed ("abow' j; titlae [ "Ocigical and Naw Bdzier Cucwe Contzol Poimbs'}s
xlabel('="]; ylabal("y"); gzld on; axia @Joal;

Original and New Bézier Curve Control Points
T ——f T T T T T
07
0r © 1
—————————— *
’
/
5t / 1
O Py
o P
10t .
s O Py
S // o Pa
15 F — — —Original Control Polygon
m— Beézier Curve Q(t)
* Q
20 F kooQ,
* Q
Q
25 * 3
— — —New Control Polygon
. . . 1 |
T
-5 0 5 10 15 20 25 30
X

Fig 9: Original and New Bézier Curve Control Points
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Example (4): We select P = 2and @ = 0. The new curve Q) will be identical to P(t) from F(0) to F(2). Matrix B becomes

1 0 oo

[ -1 Z2 oo
5= 1 —4 4 0
-1 6 —12 8

And the new control points Vi are

Vi Py By

Vi |_p[B]_ —P, + 2P,

Va | B By — 4P + 4P,

Va —Fy + 6P, — 12P, + 8P,

And it is easy to see that they satisfy Vo = Fo Vi = Ry, Vo = Rg.and V3 = Qg

MTLAB Code of the New Cubic Bezier Curve Q(t)

% Define the original control points (replace these with actual values)
PO} = [0, 0]; % Example wvalues, replace with your actusl coordinates

Pl = [1, 2]; % Example walues, replace with your actual coordinates
P2 = [3, 3]; % Example wvalues, replace with your actusl coordinates
P3 = [4, 0]; % Example wvalues, replace with your actusl coordinates

% Define the transformation matrix B

B=11, 0, 0, 0y -1, 2, 0, 07 1, -4, O, 0O; 4, -12, 0, 8]:

% Calculate the new control points

V. =FE * [PD; P1; B2; P3]:

% Display the new controcl points

disp('New control points V:'); disp(V);

% Auxiliary points

Bl = F1 + (F1 - BO): B2 = F2 + (P2 - Fl1):

B3 =R2 + (B2 - R1); Q3 = -P0 + &*P1 - 12*P2 + B*E3;

% Alternative calculaticn of V i'=s using guxiliary points

Wi _alt = POy V1 _alt = B1;VZ _alt = R3;V3i_alt = Q3;

% Display the alternative calculated controcl points

disp('Alternative calculation of V:");

disp([V0_alt; V1_alt; VZ_alt; V3_alt]):

% Verify that both methods give the same result

if isequal (round (¥, 10), round([VD_alt; V1_alt; VZ_alt; V3_altl, 14))
digp("The calculated controcl points match. ")

elze
diap('The calculated contrcl points do not match. ') !

end

% Define the parameter t from 0 to 1

t = linspace(0, 1, 100);

% Compute the Bézier curve 2(t) using the new control points

Qourve = (1L - ¢)'."3 * Vil,:) + 3 * (L-t)".72 .*¢t" = V(1) +3 * |1

- )" L% gt F W3, ) 4+ .3 F V(4,0

% Plot the new cubic Bézier curve

figure; plec(Q curvel:,1), © curve(: 2}, 'b', 'LineWidch', 2};

hold ony pleoci([V{l,1) V(2,1) Vi{3,1) V(4,1)], [Vil,2) Vid,2d) Vi3, 2)

Vi{d4,2)], "ro——"}; % Plot contrcl points and polygon

legend ("Bézier Curve", "Control Polygon'):

title ("Hew Cubic Bézier Curve Q(t)"):

xlabel ('=x"); wlabel|"y"); grid cn; axis egual;
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Bezier Curve
0 1 ~© —Control Polygon

New Cubic Bézier Curve Q(t)

20 F

Fig 10: Original and New Bézier Curve Control Points

Results
The most important results i can summarize as follows:

1.

tis used in the linear curve association to express the distance (E(t) on the line between the points Fzand F1. For example,
when t = 0.25 (B(t) js the first quarter of the distance between Fz and F1. t changes between the values 0 and 1, while E(t)
describes the straight line between Fo and Fu.

In a second-order Bezier curve, we can create intermediate points such as 2o and 1. These points have a value located in
the interval [1:0]: The first point (%) lies between Fo and P: and describes the linear Bezier curve between these two
points. The second point (2:(t) lies between F: and Fz and describes the linear Bezier curve between these two points The

point (B(t) lies on the line connecting the two points (Qe () and (2:(t)) and describes a second-order Bezier curve.
To obtain a Bezier curve for higher degrees, note that the idea in arriving at drawing the curve is to divide each line by
placing a point on it and then connect the new points to each other (note that we get rid of a point at each stage), and we

repeat the process until we have only one line left. So, we put (B(f) on it and then we draw the curve.

Recommendations
The most important recommendations i can summarize as follows:

1. Itis noted that the curve lies completely within the convex closure of the points, so these points are used with ease to form
the required curve. Therefore, it is desirable to use Bezier curves widely in computer graphics in order to draw smooth and
smooth curves.

2. It is also possible to apply geometric transformations (such as rotation and sliding) to the curve by applying this
transformation to the control points of this curve.

3. In animation applications, Bezier curves are used in drawing such as drawing motion pictures. The user draws the path
using a Bezier curve, and the application undertakes the task of preparing for the movement of this element along the
previously drawn path. Likewise, in 3D graphics, the Bezier curve draws 3D paths.
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