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Abstract 

The research numerically analyzed the effect of heat 

generation and magneto-hydrodynamics (MHD) on 

unsteady Casson non-Newtonian hybrid nanofluid flow over 

a stretching porous medium. Further effects involved in the 

main model are vertically applied magnetic flux, and 

viscous dissipation effect. The Finite Difference method 

(FDM) was used to solve the ordinary differential equations 

(ODEs) with MAPLE 18.0 software. The results were 

visualized using tables and graph to illustrate the effects of 

fluid physical quantities, fluid momentum, energy 

distribution, hybrid nanoparticles concentration, and 

velocity profiles for various applicable values of 

dimensionless numbers. The numerical outcomes of the 

effects of different physical parameters of the fluid were 

demonstrated and it was noticed that velocity profile 

increased as the thermal Grashof numbers increased as a 

result of an increase in buoyant force caused by convent 

heat generation through the upper plate of the fluid and 

reduced as Casson fluid parameter increased because of 

decrease in magnetic and heat dissipation parameters. The 

research work is economically valuable for mechanical 

engineers, physicists, chemists, marine engineers, and other 

fields since its applications brings about their operational 

improvement. 
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1. Introduction 

The rheology of Casson non-Newtonian flow in the porous media has become major academic research topics over the years 

because of its significant in natural sciences, engineering, and pharmaceutical fields. It is imperative to study behavior of the 

Casson non-Newtonian hybrid nanofluids flow in order to have detail understanding of these fluids and their different 

applications. Heat performance of energy change systems is one of the most crucial objectives to improve the efficiency of 

systems. Such heat performance is mainly dependent on the thermo-physical properties of the fluids used in the systems energy 

change. The properties include thermal and electrical conductivities, isochoric specific heat change, and dynamics viscosity. 

These properties altered the thermal transfer capacity features of the fluids. The recent developments in engineering field are 

raising the needs of excellent compact devices with best performance, perfect operation and prolonged life span. The hybrid 

nanoparticles enhance its thermal conductivity in different heat applications such as automobile manufacturing processes, 

HVAC and solar panels. Moreover, in order to meet high power density necessities in modern high-heat-flux devices, efficient 

heat transfer processes play a support role. Rashidi et al. [1] worked on the heat performance of energy changing systems, which 

is one of the most crucial objectives to improve the efficiency of systems. Such heat performance is mainly dependent on the 

thermo-physical properties of the fluids used in the systems energy change. Rehman et al. [2] approximate analytical analysis of 

unsteady MHD mixed flow of non-newtonian hybrid nanofluid over a stretching surface. Zaimi et al. [3] examined boundary 

layer flow and heat transfer past a permeable shrinking sheet in a nanofluid with radiation effect. 

Kamran et al. [4] numerically investigate Casson nanofluid flow with joule heating and slip effect. Ogunsola and Akindele  [5] 

analyze the mixture of Al2O3-Cu/H2O-(CH2OH)2 MHD hybrid nanofluid flow due to a stretchable rotating disks system under 

the influence of non-uniform heat source or sink and thermal radiation. Makinde and Aziz [6] considered the boundary layer 

flow of a nanofluid past a stretching sheet with a convective boundary. Ghadikolaei et al. [7] study the properties of TiO2-

Cu/H2O a hybrid nanofluid in the presence of resistance force. Omar et al. [8] observed stagnation point flow over a stretching 

or shrinking Cylinder in a Copper-Water Nanofluid. Tayebi and Chamkha [9] studied the free convection enhancement in an 
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annulus between horizontal confocal elliptical cylinders using hybrid nanofluids. Kamel et al. [10] experimentally studied 

thermal conductivity of Al2 O3 and CeO2 nanoparticles and their hybrid-based water nanofluids. Lund et al. [11] carried out 

triple solutions and stability analysis on MHD flow of micro-polar fluid with effects of viscous dissipation and joule. Mjankwi 

[12] studied unsteady MHD Flow of Nanofluid with Variable Properties over a Stretching Sheet in the Presence of Thermal 

Radiation and Chemical Reaction. Sobamowo et al. [13] offered thermos magneto-solutal squeezing flow of nanofluid 

sandwiched between two parallel disks inserted in a porous medium and give account of the effects of nanoparticles geometry 

slip and temperature jump conditions. Waini et al. [14] studied the unsteady Casson fluid flow and heat transfer over a stretching 

surface with modified magnetic field effects. Goud et al. [15] analyze the radiation effect on MHD Casson fluid flow over an 

inclined non-linear surface with chemical reaction in a Forchheimer porous medium. Mukhopadhyay et al. [16] considered the 

effect of Casson fluid flow over unsteady stretching surface.Some recent studies on nanofluid flows are mentioned in the 

references [17-23]. 

The objective of this research is to examine the effect of heat generation and MHD on unsteady Casson non-Newtonian hybrid 

nanofluid flow over-stretching porous medium. The unsteadiness, velocity, thermal and magnetic fields were given attention. 

The systems of governing non-linear partial differential equations were reformed into their ordinary differential equation 

equivalents and the resulting equations were solved numerically by MAPLE 18.0 software with FDM subjected to suitable 

boundary conditions. 

 

2. Methodology 

2.1 Model Formulations 

The equations that control the isotropic, as well as incompressible Casson flow are as follows: 

 

  
 

Where, ij , B , yP , ijij ee= , thjieij ),(= , c  are respectively the Stress tensor, Non-Newtonian fluid dynamic 

viscosity, Fluid yield stress of the liquid, product of the rate of strain tensor with tensor, component of the deformation rate, the 

critical value of the product based on the non-Newtonian model. 

Consider a completely developed two-dimensional, viscous, unsteady, MHD and non-Newtonian Casson hybrid nanofluid 

flow with vertically applied magnetic in the presence of convective heat generation and electrical conductivity in a stretching 

Forchheimer porous media as shown Fig 1 geometrically. The cavity enclosed a fluid that is considered as a hybrid nanofluid 

with basefluid as a mixture of ethylene glycol (𝐶2𝐻6𝑂2) and water (𝐻2𝑂) in a ratio 50:50.The governing equations of 

continuity, momentum and energy are written as below with the boundary layer approximations. 

 

 
 

Fig 1: Physical model of the coordinate system 
 

  (1) 

 

  (2) 

 

  (3) 
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The boundary conditions for the models are given by: 

 

  (4) 

 

The stream functions is define as 

 

    
 

The similarity incorporated as 

 

  (5) 

 
Table 1: Thermo- physical properties of hybrid base fluid and nanoparticles 
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Table 2: Thermo-Physical properties comparison between nanofluid and hybrid nanofluid 
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Equation  is identically satisfied, substituting  into  and  yields 
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The derivative with regard to  is denoted by the prime that goes with each profile and the boundary 
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Unsteadiness Parameter, Magnetic Parameter, Forchheimer, Darcy, Reynold number, Thermal GrashofPrandtl, Eckert number, 

and Heat Source Parameter. 

The parameters of significant interest for the present problem are the skin-friction coefficient  and local Nusselt number 

which are given by: 
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Using the similarity variables 

 

  

  

  

 

2.2 Numerical Computational 

The Finite Difference Method was employed to solve equations (6) and (7) together with boundary conditions (8) numerically 

with the aid of Mable 18.0 software which comprises the following itemization: 

1. The reduction of non-linear ordinary differential equations into first order system 

2. Finite Different Discretization 

3. Using Newton’s Method for Linearization 

 

3. Results and Discussion 

This specific study is to develop a perfect understanding of the effect of heat generation and magnetic field on unsteady Casson 

non-Newtonian flow over stretching porous medium, the velocity, heat generation and porous medium heat gradient solution 

are presented numerically. Fig 2 indicates the effect of the unsteadiness parameter on the fluid velocity profile. It is noted that 

increasing the values of the unsteadiness parameter decreases the velocity profile and this effect is associated with a reduction 

in the momentum boundary layer thickness in the velocity profile which illustrates that the unsteadiness parameter reduces the 

rate of flow due to stretching media. Fig 3 visualize the effects of the unsteadiness parameter (A) on the temperature profile 

and it was noticed that increasing the values of unsteadiness parameter decrease temperature. This can be justify physically 

because increasing the unsteadiness increases the rate of heat loss over stretching porous medium, thus causing in a decline in 

the temperature profile. Similar feature can be found in [16]. Fig 4 show the effects of Casson fluid parameter β on velocity 
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profile. The fluid velocity declines as the value of Casson fluid parameter is increasing and reduces the yield stress associated 

with fluid flow velocity Fig 5 establishes the effect of the thermal Grashof number on the velocity profiles. As the thermal 

Grashof number Gr has positive values these correspond to cooling of the porous medium. It is noted that an increase in the 

value of the thermal Grashof number leads to the rise in fluid velocity. This is because the buoyancy force improves the fluid 

velocity and increases the boundary layer thickness with an increase in the value of the thermal Grashof number. Fig 6 clarifies 

the effects of the magnetic parameter M on the velocity profiles. The velocity curve displays that the transport rates is reduced 

as the magnetic parameter values is increasing this is remarkably due to Lorentz force which is a drag force that acts to slow 

down fluid flow, hence raising the magnetic field parameter reduces flow velocity because it induces a Lorentz force that acts 

to slow down fluid flow, the outcome qualitatively agree with the anticipations, since the magnetic field exerts impeding effect 

on free convection flows. Fig 7 describes the magnetic parameter effects on temperature profiles. It shows that the temperature 

profiles increase as the magnetic parameter. Fig 8. The Eckert number represents the connection between the fluid low kinetic 

energy and enthalpy. It expresses the change of kinetic energy into internal energy by the work done against the viscous fluid 

stress. The positive Eckert number illustrates cooling of the medium, i.e., loss of the heat to the fluid from the plate. It is clear 

that an increase in the Eckert number causes a decrease in temperature profile. Fig 9: It is observed that fluid velocity 

distribution decreases with an increasing the values of Forchheimer number. The comparison results of the Skin friction 

coefficient of some existing literature: Sharidan et al. [24], Waini et al. [14], under some certain conditions and absence of 

nanoparticles i.e., 154321,0Re,8.0 ============ MQEcxfGrA s  →→Da  were tabulated on Table 3. 

Table 4 illustrated the behavior of Skin friction coefficient and Nusselt number for different parameters. Fig 10 illustrated the 

relationship between flow velocity ( )f  and stretching rate (Fw) of the porous medium. The flow velocity decreases as the 

stretching rate is increasing. However, the temperature ( ) is increasing as the heat source parameter Q is increasing as shown 

in Fig 11. 

 
Table 3: Comparison table for values of  obtained for , 

 
 

Pr  [24]  [14] Present work 

    

0.1 1.261042 1.2601097 1.26104260943067 

1.0 1.261042 1.2601097 1.26104260943067 

10.0 1.261042 1.2601097 1.26104260943067 

    

 
Table 4: Skin friction coefficient and local Nusselt for different parameters 

 

Rex A 
 

 

0.01 0.0 1.17112992066557 1.48311764849605 

0.01 0.8 1.23511682922678 0.993443007382589 

0.01 1.0 1.25080840776565 0.867399188995573 

0.1 0.0 1.21666765313502 1.46974175337887 

0.1 0.8 1.27954425886941 0.978896222524280 

0.1 1.0 1.29496798726371 0.852663180400173 

1.0 0.0 1.63351265806513 1.33709355302921 

1.0 0.8 1.68722097793645 0.836456149092115 

1.0 1.0 1.70042971979946 0.708783952313546 

 

 
 

Fig 2: Behavior of f ꞌ() against A 
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Fig 3: Behavior of θ() against A 

 

 
 

Fig 4: Behavior of f ꞌ() against  

 

 
 

Fig 5: Behavior of f ꞌ() against Gr 
 

 
 

Fig 6: Behavior of f ꞌ() against M 
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Fig 7: Behavior of θ() against M 
 

 
 

Fig 8: Behavior of θ() against Ec 

 

  
 

Fig 9: Behavior of f ꞌ() against Fs 

 

 
 

Fig 10: Behavior of f ꞌ() against Fw 
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Fig 11: Behavior of θ() against Q 

 

4. Conclusion 

In this article, the effect of heat generation and MHD on unsteady Casson non-Newtonian hybrid nanofluid flow over 

stretching porous medium was studied theoretically. The PDEs were converted with the help of a similarity variable, and the 

resulting non-linear ODEs were solved using FDM with the help of the MAPLE 18.0 software. The influence of the following 

factors on the velocity and temperature profiles is taken into account. The following are the resulting conclusions: 

1. The velocity profile decreases as the unsteadiness parameter increases. 

2. The temperature profile is increased when the unsteadiness parameter is increased.  

3. The velocity profile is reduced when the Casson fluid parameter increases. 

4. The velocity profile raises increase in thermal Grashof number. 

5. The temperature profile rises as Eckert number increase. 

6. The velocity profile decreases with increase in the Forchheimer number. 

7. The velocity decreases as stretching rate increases. 

8. The temperature increase as the value heat source parameter increases. 

 
Table 5: Nomenclature 

 

 Fluid velocity in  and  direction 

t time 

 Density of the hybrid nanofluid 

 Density of the hybrid nanoparticles MoS2 

 Density of the hybrid nanoparticles SiO2 

 Dynamic viscosity of hybrid nanofluids 

 Kinematic viscosity 

c Initial stretching rate 

 Constant of proportionality  

B Variable Magnetic field 

 Constant 

cp Specific heat capacity at constant volume 

 Dynamic viscosity of the fluid 

 Non-Newtonian fluid dynamic 

 Casson Parameter 

 Applied magnetic induction 

 Acceleration due to gravity 

 Thermal expansion coefficient 

 Mass expansion coefficient 

 Fluid temperature 

 Free stream temperature 

 Dimensional heat generation coefficient 

 Electrical conductivity of the Nanofluid 

 Electrical conductivity of the Hybrid Nanofluid 

 Electrical conductivity of the Hybrid Nanoparticle MoS 

 Electrical conductivity of the Hybrid Nanoparticle SiO2 

 Thermal Expans Coefficient 

 Reference velocity 

 Dynamic viscosity of the nanofluids 

 Dynamic viscosity of the hybrid nanofluids 

 Dynamic viscosity of the fluid 

 Coefficient of the thermal expansion of the nanofluids 
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 Coefficient of the thermal expansion of the hybrid nanofluids 

 Coefficient of the thermal expansion of the MoS2 

 Coefficient of the thermal expansion of the SiO2 

 Coefficient of the thermal expansion of the fluid 

 Kinematic viscosity hybrid nanofluids 

 Thermal Conductivity of the hybrid nanofluids 

 Electrical conductivity of the base fluid. 

 Electrical conductivity of the MoS2 

 Electrical conductivity of the SiO2 

 Velocity profile 

 Similarity variable 

 Temperature profile 

 Particles heat capacity to fluid heat capacity ratio 

 Electrical conductivity of the surface temperature 

 Wall temperature 

 Unsteadiness Parameter 

 Constant viscosity 

 Stream function 

 Magnetic Parameter 

 Forchheimer parameter 

Rex Local Renold number 

 Thermal Grashof number 

 The volume fraction of nanoparticle solid MoS2 

 The volume fraction of SiO2 

 Specific heat capacity of hybrid nanofluid 

 Specific heat capacity of MoS2 

 Specific heat capacity of SiO2 

 Eckert number 

 Prandtl number 

Nu Nusselt number 

Da Darcy number 

 Skin Friction coefficient 

 Product of the rate of strain tensor with tensor, component of the deformation rate. 

 Critical value of the product based on the non-Newtonian model. 

 Fluid yield stress of the liquid 

 Product of the rate of strain tensor with tensor. 

I,j Component of the deformation rate. 
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