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Abstract

In this present paper, we introduce a Finsler space which belong to this space have been studied. Finally, the
Pseudo curvature tensor satisfies the birecurrence property projection on indicatrix with respect to Berwald's connection
in sense of Berwald. Also, we prove that a flat pseudo for the tensors whose behave as birecurrent have been

discussed.

T —birecurrent space for H;kh exist. Certain identities
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1. Introduction
The recurrence property has been studied by the Finslerian geometrics. Sinha % introduced the torsion tensor TJ.'k and

curvature tensor Tjikh from the deviation tensor Tji . Dabey and Singh @ and Pandey and Dwivedi I 31 considered the space

equipped curvature tensor T, is recurrent and called it T —recurrent Finsler space. They also considered there in projectively

flat —T — recurrent space and obtained certain results belong to these spaces. Saleem ! studied the flat of recurrent curvature
tensor fields in Finsler space. Further, Qasem and Saleem /], Pandey and Verma [¢1, Saleem and Abdallah %, Singh 4 and
Sinha ' were studied on birecurrent curvature tensor fields in Finsler space. Saleem and Abdallah % study the projection on
indicatrix for some tensors whose satisfy the birecurrence property.

Let us consider an n —dimensional Finsler space F equipped with the line elements (X, y) and the fundamental metric
function F is positively homogeneous of degree one in yi . Berwald covariant derivative ﬂiji of an arbitrary tensor field
T/ with respect to X* is given by [* @

BT =0T —(8T)G +T/G, -T/G}, .

k
The processes of Berwald covariant differentiation with respect to X" and the partial differentiation with respect to Y commute
according to
(1.1) 9 ajﬂ|ThI _ﬁlajThl = ThrGI:Ir _TrIGkrm '
where the tensor G;kh

(11) b) G,y =0.

is symmetric in their lower indices and defined by

Berwald’s covariant derivative of the vectors yj and 1’ vanish identically, i. e.

(12) a By’ =0 and b) pl'=0,
where
g1 =L
F
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Definition 1.1: The projection of any tensor Tji on indicatrix is given by 310

13) pT/ =T /hh’,

Where the angular metric tensor is homogeneous function of degree zero in yi and defined by
@4 h=5-I1,.

Definition 1.2: If the projection of a tensor T; on indicatrix |, is the same tensor TJ.i , then the tensor is called an indicatrix

1
tensor or an indicatory tensor.

2. Preliminaries
In this section, we introduce some important concepts and definitions. The pseudo deviation tensor T].i is positively

homogeneous of degree 2 in y' and defined by (12

i i 1 - roo- i
T :—{H§j+m(8rHj —0,H)y }

The pseudo torsion tensor Tjik is positively homogeneous of degree 1 in yi and defined by
i 1 iyr i -
T, =—n+1{y Hy, +26, (H,, + 3, H)}.
The pseudo curvature tensor Tj.ikh is positively homogeneous of degree 0 in yi and defined by

L1

jkh

n+1{5[‘jH;kh +y'OHL, +26, (H, +6hléjH)}.

These tensors satisfy the following (%
@1 Ty =T, bT,=0T, ©oTy =T, ad dT, =W, -H

h jkh »

where the curvature tensor H', , torsion tensor H ;k and deviation tensor H} are positively homogeneous of degree zero, one

jkh ?
and two in yi , respectively. And satisfy the following
22) aH,y =H,, b)Hy=H, ¢)H =H, dH,=H

jki

&) Hy*=(n-1)H and ) o,H, =H,.

jk
The Bianchi identity for the curvature tensor H ;kh is given by

(22) g) Hj, +H, +H, =0.

khj hik

The projective curvature tensor W]kh , torsion tensor ij and deviation tensor Wji are positively homogeneous of degree zero,

one and two in y', respectively. And satisfy the following (%!
23) AW,y =W,, bW y“=W, and c)W, =0.
The Bianchi identity for the projective curvature tensor Wjikh is given by (11

(23)  d) Wy, +W, +W, =0.

hik
i

A Finsler space called a pseudo T — recurrent space if the curvature tenser Tjkh satisfies [ 51

(2.4) ﬁIlekh = A’Ilekh ' lekh #0,
where 4, is non-zero covariant vector field. Since the Finsler space is projective flat, then we have [°!

25 aW, =0, bW,=0 and )W, =0.

3. Pseudo T- birecurrent space

In this section, we introduce a Finsler space which the curvature tensor TJ.ikh is birecurrent in sense of Berwald. Also, we
obtained flat pseudo T — birecurrent space.

Definition 3.1: A Finsler space F, which the curvature tensor TJ.ikh satisfies the condition

(3.1) /BmﬂITjikh =a,T, Tth #0,

Im " jkh *
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where @, recurrence covariant tensor field of second order, this space called a pseudo T —birecurrent space. Differentiating

(2.4) covariantly with respect to X" in sense of Berwald, we get
ﬂmﬂlTjikh = (/Bmﬂ’l )Tth + ﬁ'lﬂmTjikh :
In view of (2.4), the above equation becomes
ﬂmﬂITth = (ﬂmﬂ’l )Tth + ﬁ“lﬂ’mTjikh
Above equation can be written as the condition (3.1) where a, = (ﬂmﬂ1 )+ A A, . Thus, we conclude

Theorem 3.1: Every pseudo T — recurrent space which the recurrence vector field satisfies (ﬂmﬂl)+ﬂ,/1m # 0 is a pseudo
T — birecurrent space.

Transvecting the condition (3.1) by yj , using (2.1a) and (1.2a), we get
(32)  B.LTy=a,T,.

Transvecting (3.2) by yk , using (2.1c) and (1.2a), we get

(33) B BT =aT.

Thus, we conclude

Theorem 3.2: In pseudo T — birecurrent space, the torsion tensor T!

«n » deviation tensor Thi are birecurrent.

Let us consider a Finsler space whose the curvature tensor T, is a projective flat, i.e. satisfies (2.5). Differentiating (2.1d)

covariantly with respect to x' and x™in sense of Berwald, using (2.5a) and the condition (3.1), we get
(34) B.AH =a,Hj,.

Transvecting (3.4) by yj , using (2.2a) and (1.2a), we get

(35)  B.AHq =a,H,.

Transvecting (3.5) by yk , using (2.2b) and (1.2a), we get

(36) B BH =a H. .

Contracting the indices i and h in (3.4) and using (2.2c), we get

@71  B.AH,=3,H,.

Transvecting (3.7) by yk , using (2.2d) and (1.2a), we get

38 p.fH,=2a,H,.

Transvecting (3.8) by yh , using (2.2e) and (1.2a), we get

B9 p.LH=a,H.

From (3.4), (3.5), (3.6), (3.7), (3.8) and (3.9), we conclude that H!' , H

jkh ? kh ? Ht:’ Hkh’
property. Since the Finsler space is flat pseudo, i.e. (2.5a) satisfies in (2.1d). Thus, we conclude

Theorem 3.3: In flat pseudo T —birecurrent space, the curvature tensor H;kh , torsion tensor H

H, and H satisfy the birecurrence

. » deviation tensor H,,

Ricci tensor H,, , curvature vector H, and curvature secular H are birecurrent.

kh ?

Let us consider pseudo T —birecurrent space, i.e., characterized by the condition (3.1). Differentiating (3.8) partially with
respectto y*, we get

8kﬂmlBIHh :(8kalm)Hh +aq, (8th)'

Using commutation formula exhibited by (1.1a) for S H, in above equation and using (2.2f), we get

h
ﬂmakﬂl H, _ﬂthGkrlm _ﬂl Herrhm = (8kalm ) H,+a,H,.

Again, applying commutation formula exhibited by (1.1a) for H, in above equation and using (3.7), we get
_(leHr )Gkrm —-H, (ﬂmGkrhl )_ (ﬂth)Gkrml -H, (ﬂr Gkrml) _ﬂthGkrIm -5 Herrhm = (O« alm)Hh

Transvecting above equation by yI , using (1.2a) and (1.1b), we get
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_ylﬁl Herrhm = yl (akalm)Hh :
Transvecting above equation by yh , using (1.2a), (1.1b) and (2.2e), we get
yl (6kalm) = O !
where H = 0, which can be written
A = 6k (alm yI )
&y = 5k |:am (a|s y’ ) y|:|
a'km = 6k [am (als y5y| )_ amsys:l
a'km = akam (als ysyl ) - (akasm)yS - amk '
Which may be rewritten as
(3.10) a_+a, =0,0,9,

where D =a_y°’y'.

Thus, we conclude
Theorem 3.4: In pseudo T —birecurrent space, from (3.10), the symmetric part if the recurrence tensor is birecurrent
derivative of the scaler field.

Differentiating (3.2) partially with respect to yj , We get
5jﬂmﬂlTkih = (8jalm )Tkih +a, (akaih ) .

Using commutation formula exhibited by (1.1a) for ﬁ,Tkih in above equation and using (2.1b), we get

ﬂméjﬂlTkih _ﬂerithrm +ﬂITkrr1G}mr _ﬁITrLG;mk _ﬂlTkirGjrmh = (a a, )Tkih +4a T‘i

im ~ jkh

Again, applying commutation formula exhibited by (1.1a) for Tkih in above equation and using (2.1b) and (3.1), we get

(leTksh )G}Is +Tk; (ﬂmG;Is ) - (ﬂstih)G;k _Tsih (8, stlk) - (:BmTkis)stlh _Tkis (ﬂmstlh ) - erithrmI
+IBITk;G;mr - ﬂITrithrmk - ﬂITkirGjrmh = (ajalm )Tkih .

Transvecting above equation by yI , using (1.1b) and (1.2a), we get

yl (ﬂlTk; )G;mr - yI (ﬂITrih )Gjrmk - yl (ﬂITkir )Gjrmh = (ajalm ) yITkih :
Taking skew-symmetric part of above equation with respect to the indices | and m , using (1.1b) and (1.2a), we get
(311) yl (ﬂlTk; )G;mr + yI (ﬂlTrlh )G;mk + yI (ﬂlTklr )G;mh = O '
Thus, we conclude
Theorem 3.5: In pseudo T — birecurrent space, the skew-symmetric part of the recurrence tensor is the identity (3.11) holds.

4. Projection on Indicatrix with Respect to Berwald’s Connection
In this section, we studied the projection on indicatrix for the tensors which be birecurrent. Let us consider a Finsler space F

for the curvature tensor T;kh is birecurrent in sense of Berwald, i.e. characterized by (3.1). Now, in view of (1.3), the curvature

tensor T].ikh on indicatrix is given by
@1)  pT,, =T,hh'hht.
Taking covariant derivative of (4.1) with respect to x' and X" in sense of Berwald and using the fact that ,6'|h; =0, then
using the condition (3.1) in the resulting equation, we get
BB (PT ) =, Tl hihy
Using (4.1) in above equation, we get

4.2)  B.p ( p 'Tjikh) =&y, ( P 'Tjikh )

This shows that p .Tjikh is birecurrent. Thus, we conclude
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Theorem 4.1: The curvature tensor T;kh on indicatrix in pseudo T — birecurrent space is birecurrent in sense of Berwald.

Let the projection of curvature tensor T].ikh on indicatrix is birecurrent, i.e. characterized by (4.2). Using (1.3) in (4.2), we get

ﬁmﬂl (Tbid h;h;)hkch: ) = aImeid h;h?hkch: .

Using (1.4) in above equation, we get
BB (T =Tl =T 00 AT 000 =T o 00 AT 000 000 +T 200 00, =T o 00 00 0°0,)
=a, (To, —To 00 —T 0% +TL 0000 T2 00 +T2 00 00 +T2 00 050, T2 00, 0°0,0°0,).

jkh jkd jch jed jkh jkd jch jed
Using (2.1a), (1.2a) and (1.2c¢) in above equation, we get

i 1 i 1 i a pi 1 i 1 a i 1 a i 1 a yi
43) BB, —ETJ.kEh —ETjhék -Twll, +FTJ L, +ETjk€ .l +ETjh€ D _FTj el

i1

i 1 i a i 1 i 1 a i 1 a i 1 a i
= (T == Taly = =Tl “Til o+ ST/l + ZTROGL 4 STl =S TRE 0.

jkh

Now, since the torsion tensor T;k and deviation tensor Tji are birecurrent, i.e. satisfy (3.2) and (3.3), respectively. In view of
(3.2), (3.3), (1.2b) and (1.2c), then equation (4.3) can be written as

(lekh _Tjihglfa) =3q, (Tj:(h _Tjihflga )
From last equation, we conclude

Corollary 4.1: In pseudo T —birecurrent space, the projection of the tensor Tj.ikh on indicatrix is birecurrent, if and only if

a,)
T;nl. is birecurrent.

We know that, the torsion tensor TJ.ik is birecurrent, i.e. characterized by (3.2). In view of (1.3), the projection of the torsion
tensor Tj.ik on indicatrix is given by
@4) p T, =T hhh
Taking covariant derivative of (4.4) with respect to x' and X" in sense of Berwald and using the fact that ,b’lh; =0, then
using (3.2) in the resulting equation, we get
BoB(PTL) =8 Tahihhy.
Using (4.4) in above equation, we get
@5 B.A4(pT,)=a,(pT,).
This shows that p.Tjik is birecurrent. Thus, we conclude

Theorem 4.2: The torsion tensor Tjik on indicatrix in pseudo T — birecurrent space is birecurrent in sense of Berwald.

Let the projection of torsion tensor T].ik on indicatrix is birecurrent, i.e. characterized by (4.5). Using (1.3) in (4.5), we get

BB (TahihPhe ) =a, TohihPhe

bc a 'j 'k Im "bc a” 'j k"
Using (1.4) in above equation, we get
BB Ty =Tl =T ol ATl 00 =T 00 +To 000 00 +T 200+ TR0 050, =T 00 070 0°0,)
=, (T, —To 0, =Tl +Tol'0 00 =T 00 +T 000 00 +T ol +T 00 00 =T 00,070 0°0,) .
Using (2.1c), (1.2a) and (1.2c) in above equation, we get
i 1 i a i 1 a i 1 i 1 a c 1 a i 1 a i c
(46) ﬁmﬁl (I'jk —ETkgj _Tjkg ga +ETk / éagj —ETjék -‘rETc €J€ gk +ETJ. 1 éagk —ETC 14 €a€j€ Zk)
8y, (T T 0, =Tl ATl 00 =T 00 +T 000 00 +T o0 ATl 00 =T 00 070 0°0,)
Now, since the division tensor T].i is birecurrent, i.e. satisfies (3.3). In view of (3.3), (1.2b) and (1.2c), then equation (4.6) can
be written as
B.p (lek _Tjif'fa) =a, (lek _Tjiﬁ'ga) :
From last equation, we conclude
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Corollary 4.2: In pseudo T — birecurrent space, the projection of the torsion tensor TJ.ik on indicatrix is birecurrent, if and

- a - -
only if T £, is birecurrent.

We know that, the deviation tensor Tji is birecurrent, i.e. characterized by (3.3). In view of (1.3), the projection of the
deviation tensor Tji on indicatrix is given by

@7 p T =T’hh.

Taking covariant derivative of (4.7) with respect to X' and X" in sense of Berwald and using the fact that ﬂlh} =0, then
using (3.3) in the resulting equation, we get

BB (pT))=a,T hh.
Using (4.7) in above equation, we get
@8 B4 (pT)=a,(pT)).
This shows that p.TJ.i is birecurrent. Thus, we conclude

Theorem 4.3: The deviation tensor T; on indicatrix pseudo T — birecurrent space is birecurrent in sense of Berwald.

Let the projection of the division tensor TJ.i on indicatrix is birecurrent, i.e. characterized by (4.8). Using (1.3) in (4.8), we get

BB, (T, hh)=a, T hh'.

b "aj Im™b "a’’j
Using (1.4) in above equation, we get

BB (T =T o0 =T +T200 00 Y=a, (T) =T, =T 00 +T20 0,000 ).
Now, in view of (1.2b), (1.2c) and if the division tensor Tbi yb =0, then above equation becomes

BB (T =T, )=a, (T =T 'e,).
From last equation, we conclude
Corollary 4.3: In pseudo T —birecurrent space, the projection of the division tensor TJ.i on indicatrix is birecurrent, if and

only if T/, is birecurrent.

5. Conclusion
Some theorems belong to pseudo T — birecurrent space have been established and proved. Further, we discussed the projection
on indicatrix for some tensors whose behave as birecurrent in sense of Berwald.
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