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Abstract 

A method has been presented for the direct determination of 

shear force in oblique cross-sections of reinforced concrete 

structures using a classic formula Q=bzτ, when the main 

problems of determining the shear force in oblique cross-

sections are related to finding cleaving stresses in concrete 

and the shape of a stress-block of normal stresses in the 

design section, with no principles of practical division 

between the forms of failure in oblique sections due to 

concrete compression or shear. This work incorporates a 

criterion for dividing the forms of failure due to concrete 

compression or shear, based on the assumed shape of a 

compression stress-block with a segment cut away in a 

normal section, passing through the top of an inclined crack. 

The height of the compressed area in this normal section is 

defined from simultaneous solution of the equations of 

equilibrium in the moments in normal and oblique sections, 

from testing the experimental beams made of concrete and 

gas-concrete. This work deals with seeking the approaches 

for solving the above-mentioned problems in practice. The 

data of testing beams from gasconcrete and heavy-weight 

concrete have been used. Strain gauges were used to 

measure concrete and reinforcement deformities, computer 

processed thereafter. The studies have been considered on 

determination of cleaving stresses in oblique sections, 

further verified according to this method on certain 

alternative schemes of their application. A practical method 

for finding the shear force depending on the value of a shear 

span has been proposed. The work can encourage active 

discussion of this computation method.  

Keywords: Direct determination of shear force in oblique cross-sections, Height of a compressed zone, Reinforced concrete 

elements in oblique sections, Lateral forces, Shear strength 

 

1. Introduction 

Although the known formula,  

  

 𝑄𝑏 = 𝑏𝑧𝜏 (1)  

  

For determining the shear force in oblique cross-sections, taken up by concrete, was derived about 100 years ago, it has not 

found any direct application so far, except for a constraint on its value. Thus, in the existing norms, 

 and maximum z=ℎ0 (z=0, 9ℎ0 − 𝜏𝑚𝑎𝑥 = 2, 8𝑅𝑏𝑡). One of the problems in using formula 

(1) lies in complexity of finding cleaving stresses – τ. If compression and tensile strength are defined by standard tests, 

cleaving strength is very difficult to determine due to a complex strain-stress state (SSS) of heterogenous concrete in oblique 

cross-sections. Hence, behind the experimental data to develop this method for direct determination of the shear force in 

oblique sections were the results of testing beams made of gas-concrete (Morozov, 2018; 2019a, 2019b) [9, 10, 11] without coarse 

aggregate, that makes SSS substantially heterogeneous and has low plasticity, what allows more accurate estimates of stresses 

to be made. The entire practice of experimental studies on this problem indicates that the SSS of the normal section, passing 

through the top of a critical inclined crack, is highly reflective of the shear force. Previously, the SSS of this section was 

considered in detail by A.S. Zalesov (1977a, 1977b, 1989) [20, 22, 21] and other his works. The problem of using this section in 

practice as a design one is constrained by the shape of a stress-block for normal stresses therein. Thus, the simplest triangular 

shape of a stress-block of normal stresses in concrete is assumed in formula (1) and other works, devoted to the studies of the 

concrete SSS in oblique cross-sections.  

Based on our works (Morozov, 1992, 2015) [7, 8], the closest to experimental data curve of normal stresses in concrete with a 

cut-out oriented towards the top of an inclined crack (see Figure 1) was assumed. According to this stress-block, there has been 
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derived a formula of normal stresses.  

 

  (2) 

 

Where x2 =x0 -x1. Shear stresses from shear forces are calculated using formula (1)  and are obtained from a balance of 

difference in normal stresses, acting in two parallel sections with distance dl between them. If this condition is considered for a 

point with the x2 ordinate, 
bdldbdx b

x

x
 =

0

2
2

 can be written. At zbx

M
Rb

0
=

 taking (2) into account, we obtain: 

 

 
)21(

0

2

0




 +−=
x

x

zbx

M

, from when at dl

dM
Q = 2

0

2

0

)21(
0

2

dx
x

x

zx

dlQ
bdl

x

x

b 


 +−= 
  

 

 and  

 

 








−−+−= )1)(

1
2()1(

2

1

0

2

2

0

2

2

x

x

x

x

bz

Qb




 (3) 

 

As per this formula, most failures in oblique cross-sections occur due to concrete compression, and maximum cleaving 

(shearing, when the SSS is plane) stresses correspond to the neutral axis, i.e., at 𝑥2 = 0 and the expression in square brackets of 

formula (3)  

  

  (4)  

 

Which is a correction factor for formula (1) and at ω=0.5 formula (4) is transformed into (1). When maximum shearing stresses 

are at the top of an inclined crack, i.e., at the 𝑥2 ordinate, it corresponds to failure in oblique sections from concrete shear and 

the expression in square brackets of formula (3) - 𝑚2. Thus, the formula of shear force is as follows 

  

 𝑄𝑏 = 𝑏𝑧𝑚𝜏 (5)  

  

It follows from the figure  

 

  (6) 

  

 
 

Fig 1: Design diagram of the normal section 
  

(Morozov, 2019a, 2019b) [10, 11] present a comparison between the experimental values of completeness of a stress-block of 

normal stresses, computed using this formula, and measured values of this rate in (Morozov, 1985) [6]. Due to a low plasticity 

of gas-concrete, it was not taken into account at the last stages of loading, and measured deformities were accounted for. This 

comparison demonstrated their satisfactory convergence 𝜔⁄𝜔𝑎𝑐𝑡 = 0.94 − 1.35, – mean 𝜔⁄𝜔𝑎𝑐𝑡 = 1.06, 𝜎 = 0.23, what 

indicates that the assumed design model is appropriate. When oblique sections are broken up due to concrete compression, an 

equilibrium equation of moments of longitudinal and lateral forces (in normal and oblique crosssections) can be composed for 

a design section:  

  

 𝜉0𝜔𝑏ℎ0𝑅𝑏𝑧 = 𝑏𝑧𝑚𝜏𝑎 (7а) 
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 Therefore,  (7b), 

What relates this calculation to the relative shear span - . Equilibrium equation of moments in the design section can 

be derived for a tensile area as well - 𝐴𝑠𝜎𝑠𝑧 = 𝑏𝑧𝑚𝜏𝑎, from whence , what, when substituting into (6), gives 

 and provides the results absolutely equal to (6), but requires that  

 

  (8)  

  

is further determined. These are the initial conditions for direct calculation of shear force in oblique sections. The problems of 

computing the strength of oblique sections of reinforced concrete structures had started to be studied even at the onset of their 

use. Thus, in 1909 F. Talbot (1909) [19] put forward an idea of transforming a beam with inclined cracks into a restraining 

system. In 1925, R. Saliger expressed an opinion that the beams with inclined cracks can be considered as bowstring girders. Е. 

Mersch in 1927 proposed a method of so-called truss analogy, considering the compressed zone of concrete as a top chord of a 

truss, and tensile reinforcement as its bottom chord, compressed concrete of the wall as brace struts. It should be noted that Е. 

Mersch was among the first to derive a classic formula (1). G. G. N. I. Kani (1966)  [3] thoroughly explored the effect of the 

value of a relative shear span in beams on the strength of oblique sections and found that their minimum strength corresponds 

to 𝑎⁄ℎ0 = 2.5, and when the values of this rate are lower that one and higher than 5-6, the strength of oblique sections becomes 

equal to the strength of normal sections. Among homeland works, devoted to the problems of strength of oblique crosssections, 

of note are fundamental works of A. A. Gvozdev (1949) [2] and M. S. Borishanskiy (1946) [1], based on which the norms of 

calculating strength in oblique cross-sections of reinforced concrete structures were developed. Writings of A. S. Zalesov 

(1977a) [20] and other his publications were an extension of these works. Among the last publications on the problem in 

question, the works should be noted of A. S. Silantiev (2012a, 2012b) [16, 17], who studied shearing SSS of concrete in beams 

and the effect of longitudinal reinforcement on the strength of oblique sections, Y. V. Krasnoschekov (2009) [4], who examined 

the strength of oblique sections, when lateral forces and moments act, I. N. Starishko (2016)  [17], who tested the strength of 

beams in oblique sections with different cross section forms. Among recent foreign studies, noteworthy are works (Hosein et 

al., 2020; Qin et al., 2020; Naderpour et al., 2020) [13, 12].  

  

2. Materials and Methods  

The main experimental data were obtained when testing beams of gas-concrete with the volume weight of 600 – 700 kg/m3 

and beams made of heavy-weight concrete with. The beams were loaded with two or one symmetrically located concentrated 

forces. Strain gauges measured changes in concrete deformities, with strain gauges with 5mm base applied for gas-concrete 

since there was no coarse aggregate in rosettes. Strain gauges were glued on both concrete, and tensile reinforcement in certain 

cases. Computers had processed the results of measurements. Gas-concrete beams were 0.15–1.19% reinforced for tensile 

reinforcement.  

  

3. Results and Discussion  

As it has been stated above, one of the problems of computations by formula (1) lies in determining cleaving-shearing stresses 

in concrete, related to the action of shear forces. They are difficult to define due to complexity of estimating the concrete SSS. 

In practice, they are compared with shearing stresses, associated with the action of longitudinal forces, and, most commonly, 

with readily determined concrete tensile strength. Е. Mersch (1927) [5] suggested that the concrete shear value should be 

determined by formula . The formula was further revised in various ways (mostly based on the Mohr’s theory) and 

such its form has been used up to now. According to Stolyarov Y.V. (Stoletov, 1941) [18] 𝑅𝑠ℎ = 1.5𝜏, 𝜏 = 2𝑅𝑏𝑡 and  

 

  (9)  

  

As per A. S. Zalesov (1989) [21] 𝑅𝑠ℎ < 0.5𝑅𝑏. Taking into account that the maximum ratio between tensile 𝑅𝑏𝑡⁄𝑅𝑏 = 0.10, and if 

strength and compression strength relates to low grades of concrete and for В15 𝜏𝑚𝑎𝑥 = 2.5𝑅𝑏𝑡, 𝑅𝑠ℎ < 2𝜏𝑚𝑎𝑥. According to A. S. 

Silantiev (2012a) [16] 𝑅𝑠ℎ = 4 − 5𝑅𝑏𝑡 and, therefore, 

 

 𝜏 = 2𝑅𝑏𝑡 (10)  

 

can be assumed, as Stolyarov Y.V. recommends. In (Morozov, 2015, 2019b) [8, 11] 𝜏 = 0.185𝑅𝑏 was derived for gas-concrete, 

what provides 𝜏 = 1, 5𝑅𝑏𝑡 for В2, 5. In (141) (142) of SNiP 2.03.01-84, formation of critical inclined cracks is defined that 

coincides with the last stages of loading the beams, based on which in (Morozov, 2019a, 2019b)  [10, 11] a formula of 𝜏𝑚𝑎𝑥 was 

derived for a neutral axis.  

 

  (11)  
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Where а=0.2+0.01В, where, according to (Morozov, 2018, 2019a) [9, 10] strength class В can be equated to the experimental 

values of prism strength, and computations by (141) (142) are made using the rated parameters of concrete strength, and (10) 

should be at least 0.5. Table 1 presents the options for standard values of shearing stresses.  

  
Table 1: Values of shear stresses 

 

 
  

The table contains 𝜏1as per (10), 𝜏2 as per (8), 𝜏3 = 2𝑅𝑏𝑡 (9). It is seen from the table that maximum values of shearing stresses 

are in line with formula (9), the values of which are refined by many researchers, 𝜏2 and 𝜏1 approximately correspond to each 

other down to В40. In this case, 𝜏1 from В35 ceases rising, what is illogical? Hence, when calculating shear force using 

formula (5) 𝜏1 can be assumed down to В35, 𝜏3 and 𝜏2 - within the entire range of concrete strength classes. Table 2, based on 

experimental data of A.S. Silantiev (2012a) [16], presents the results of computing by formula (5). Since in (Silantiev, 2012a)  [16] 

in most beams without compressed reinforcement according to (Morozov, 2019b)  [11], a coefficient of completeness of 

compression stress-block ω using the considered method is close to ω = 0.33, we will take this value of it, to which m=0.5 

corresponds as per (3) and β =0.25. Only in two beams No.9 and 10 ω =0.6, to what m=1.17 and β=0.37 correspond. At 

  

  (12)  

  

 and at 𝜔 ≥ 0.5  

 

𝑧 = (1 − 𝛽𝜉0)ℎ0, and the values of shearing stresses are as per (9) and (10). To assume more precise initial conditions, more 

experimental data are needed. Table 2, based on experimental data (Silantiev, 2012a)  [16], presents the results of direct 

determination of load-carrying capacity of beams according to the accepted initial conditions.  

  
Table 2: Results of calculating strength of beams 

 

 

In the table, 𝑄1 corresponds to 𝜏1 and 𝑄2 − to 𝜏2 the calculation results given in the table, demonstrate that the design values of 

shear force according to (4) with specified initial parameters approximately correspond to each other and experimental values 

of this force (by mean values 𝑄1⁄𝑄 = 1.04, and 𝑄2⁄𝑄 = 0.85). Here, preference should be given to the computation with shearing 

stresses by (10) with concrete strength classes down to В35. A similar approach shall also be employed to our experimental 

data from beams of gas-concrete (Morozov, 1985) [6], what is presented in Table 3, where there are also the results of 

computing stresses in tensile reinforcement (compressed zone is not reinforced). Stresses were calculated by formulas – 

 

  (14a) 

and 

 

  (14b),  

 

which was derived in (Morozov, 2018) [9]. In this case, coefficient 𝑘 = 𝑥⁄𝑥0 is the ratio between the height of compressed zone, 

in line with the hypothesis of plane sections - , and actual height of this zone, which for gas-concrete beams upon 

their failure across normal sections is less than one – reaches 0.9 – 1.0, and upon their failure across oblique sections is more 

than one (about 1.14 on an average, and, in certain cases prior to failure or probably at its onset reaches к=1.7). This fact 

significantly complicates the estimate of the concrete SSS. Since the presented data relate to only weak and highly deformable 

gas concrete, and there are no such data found for the heavy-weight concrete, in this work к =1 is assumed.  

Beam № 1 4 5 6 7 8 9 10 

Q kH 23,11 21,5 48,4 50,69 31,44 42,66 74,85 85,00 

 МПа 30,5 18,5 29,0 29,0 22,0 22,0 20,5 20,5 

 МПа 2,22 1,60 2,19 2,19 1,82 1,82 1,72 1,72 

B см 10,3 10,0 10,2 10,4 10,0 10,3 14,9 15,1 

 см 16,0 16,0 18,0 18,0 21,4 22,0 15,0 14,8 

 2,3 2,3 2,0 2,0 1,7 1,7 1,9 1,9 

 (10) МПа 5,17 3,86 5,26 5,26 4,37 4,37 3,94 3,94 

(9) МПа 4,44 3,20 4,38 4,38 3,64 3,64 3,44 3,44 

 36,4 25,3 41,8 43,6 46,8 49,6 70,7 78,2 

 32,0 21,8 35,8 35,6 34,8 36,5 59,1 
65,1 
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Table 3: Calculation of shear force and stresses in reinforcement 
  

Beam No. BК-1 BК-2 B14-1 B18-1 B18-2 BD-1 BD-2 

𝑅𝑏MPa 2.55 2.46 3.00 2.95 3.47 2.16 2.55 

𝑅𝑏𝑡MPa 0.35 0.31 0.39 0.37 0.39 0.27 0.32 

μ % 0.27 0.10 0.980 0.733 0.707 0.767 0.772 

b cm 15.0 15.0 15.6 15.7 16.2 15.5 15.4 

ℎ0 cm 20.0 20.5 20.7 20.3 20.5 20.0 20.0 

𝑎ℎ0⁄ 2.50 2.46 2.44 1.99 1.97 3.12 3.12 

𝑄1kN 7.9 7.3 9.5 9.6 10.8 6.3 7.4 

𝑄𝑎𝑐𝑡 kN 8.5 8.3 8.5 10.0 12.5 6.5 7.0 

𝜎𝑠1MPa 139.6 124.8 97.1 100.9 109.7 111.9 132.6 

𝜎𝑠2MPa 107.0 106.2 84.3 106.0 125.7 78.5 89.9 

𝜎𝑎𝑐𝑡MPa 102.9 138.4 65.9 72.0 95.2 86.6 79.2 

 

Table 3 presents the data on the strength of gas-concrete beams in oblique cross-sections. Here, 𝜔 = 

0.33, m=0.5, 𝜏 = 2𝑅𝑏𝑡 were assumed as the initial calculation parameters likewise for heavy-weight concrete beams. Shear 

force is calculated by formula (5). Moreover, the table presents the results of computing across the tensile zone with 

determination of stresses in longitudinal reinforcement using formulas (8) and (13). The last formula was derived in (Morozov, 

2018) [9] allowing for distortion of normal sections, what both makes more accurate and complicates the estimate of concrete 

SSS in design sections. It can be seen from the table that the design values of shear force correspond well to their actual values.  

Thus, mean ratio and their measured values for formula (8) is 1.31 on an average at 𝜎 = 0.24, and as per (13) 1.12 and 0.23, 

respectively. As pointed out above, no distortion of sections was taken into account – к=1. The above-stated suggests that the 

assumed initial parameters for both compressed and tensile zone can be preliminarily used to directly determine the shear 

force. In Y.V. Krasnoschekov (2009) [4] estimated the experimental data of (Zalesov & Ilyin, 1977a) according to the existing 

norms, and in (Morozov, 2019b) [11] these data were supplemented by a direct calculation of shear force with the initial 

calculation parameters, somewhat different from those assumed in this work, and their values were greater by a third than the 

analogous rates for norms. Table 4 presents the results of calculation using the initial data for beams without compressive 

reinforcement.  

Thus, mean ratio 𝑄1𝑄𝑎𝑐𝑡⁄=0.97, 𝜎=0.09. The ratio between mean values of reinforcement stresses and their measured values 

for formula (8) is 1.31 on an average at 𝜎=0.24, and as per (13) 1.12 and 0.23, respectively. As pointed out above, no distortion 

of sections was taken into account – к=1. The above-stated suggests that the assumed initial parameters for both compressed 

and tensile zone can be preliminarily used to directly determine the shear force. In Y.V. Krasnoschekov (2009) [4] estimated the 

experimental data of (Zalesov & Ilyin, 1977a) [20] according to the existing norms, and in (Morozov, 2019b) [11] these data were 

supplemented by a direct calculation of shear force with the initial calculation parameters, somewhat different from those 

assumed in this work, and their values were greater by a third than the analogous rates for norms. Table 4 presents the results 

of calculation using the initial data for beams without compressive reinforcement. 

  
Table 4: Results of direct calculation of shear force 

 

 
   

In the table: Q1 – shear force according to existing norms (Krasnoschekov, 2009) [4], Q2 – shear force when determined directly.  

It can be seen from the Table that, at the level of design resistances of concrete, the values of the shear force when determined 

directly by formulas (4) (5) (7) (10) (12) with    are higher by 

20-50% than the values of the shear force computed using the existing norms. Based on the given initial data 

 

  (15) 

 

Under the same conditions 

 

  (16) 

 

  (17) 

 

All the above data are considered in the absence of transverse reinforcement. The problems of calculating strength of oblique 

sections should involve a division between the forms of their failure (compression or shear). With this method, this question is 

addressed through detailed consideration of experimental data on the design model according to the figure, comparing m2 with 
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m0 and when the first indicator is exceeded, shearing failure should be expected. Although the work of A. S. Silantiev (2012a)  

[16] relates to examining concrete shearing failure in oblique sections, judging by the observed limit concrete compression 

deformities, some beams are likely to fail from its compression. However, the direct computation of shear force with assumed 

initial parameters has shown its compliance with experimental data. It suggests the potential application of direct determination 

of shear force for both cases of failure in oblique cross-sections. The problem lies in finding correct initial design parameters 

for ω and τ, using experimental data. According to the assumed option in (5) m𝜏 = 𝑅𝑏𝑡.  

Numerous studies have established that the lowest values of the strength of inclined sections are in the region which 

corresponds to the initial parameters we adopted. Therefore, for practical calculations, having given  corresponding to 

 according to (15) we obtain  

  

4. Conclusions  

The method for direct determination of shear force taken up by concrete in oblique cross-sections, is based on a stress-block of 

normal stresses with a cut-out, oriented towards the top of an inclined crack. The standard formula for determining shear force 

(1) is supplemented with correction factor m (m2 or m0). The direct determination of shear force is made through simultaneous 

solution of the equations of equilibrium in the moments in normal and oblique sections (moments of normal and lateral forces) 

for both compressed and tensile zone of normal section, passing through the top of an inclined crack, what, in the last case 

provides a way of estimating stresses in tensile reinforcement. The design values of shear force directly determined by the 

assumed initial design rates ω and τ, in both current and previously conducted works, corresponds to the measured values of 

this force in experimental beams. Reaching maximum shearing stresses and the respective coefficient 𝑚2 (3) near the top of an 

inclined crack (the 𝑥2 ordinate) is a criterion for concrete shear failure in oblique cross-sections.  

From a balance of flexural moments along the tensile zone of the design normal section, passing through the top of an inclined 

crack, and in oblique cross-section, a formula has been derived of stresses in tensile reinforcement (7). The stresses in tensile 

reinforcement computed using this formula are in compliance with its measured values in gas-concrete beams. 

Deviations of design section from the hypothesis of plane sections were not accounted for in this work – к=1. 

To practically determine shear force, the initial design parameters should be made more precise based on experimental data. 

ω=0.333 and 𝜏 = 2𝑅𝑏𝑡 can be preliminarily assumed for .  

According to the assumed design data, in the conducted works the values of shear force, taken up by concrete, exceed its 

values, calculated according to the existing norms, by 20-50 %.  

 The normal section passing through the tip of the inclined crack is the boundary of the inclined section and therefore reflects 

the stress-strain state of both this normal and the inclined section, which makes it possible to formulate the equilibrium 

condition for the moments in these sections according to (7a). According to Kani, G.N.I. the minimum correspond to the shear 

span; therefore, it was assumed that ω = 0.33 τ= , which corresponds to this shear span. 
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