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Abstract 

In this paper we study the partition function ck,h(n), the 

number of generalised Frobenius partitions of n with k 

colours and h repetitions. This provides a common 

generalisation of the two functions cl,k(n), and ck,l(n) of 

George E. Andrews. In particular, we develop a method 

leading to representations of all the generating functions of 

ck,h(n) as sums of infinite products.  

We also obtain the Hardy – Ramanujan – Rademacher series 

for ck,h(n) on the lines of L. W. Kolitsch. The existence of 

such series for c1,k(n) and ck,l(n) was asked for by 

Andrews and later obtained by Kolitsch.  

Finally, we extend the results on q-binomial coefficients and 

q-series representation of Andrews to our function ck,h(n). 

Andrews has established the two congruences c1,2(5n+3)  

c2,1 (5n+3)  O (mod 5). We show that the analogous 

congruence c2,2 (5n+3)  O (mod 5) is false for n = 2. We 

also study generalised Frobenius partitions with some 

restriction on its parts. 

Keywords: Frobenius Partitions, General Principle 

 

1. Introduction 

A generalised Frobenius partition or simply an F-partition of a positive integer n is a two-rowed array of non-negative integers.  
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Where each row is arranged in non-increasing order and . Let ck,h(n) denote the number of those F-

partitions of n in which each part is repeated at most h times and is taken from k copies of the non-negative integers which are 

ordered as follows : mi< nj if m < n or if m = n and i< j, where i and j denote the copy of the non-negative integers. ck,h(n) is 

called the number of F-partitions of n with k colours and h repetitions.  

 

Let ck,h(q) be the generating function of ck,h(n) so that  
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For example, the F-partitions enumerated by c2,2 (1) are 
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And those enumerated by c2,2 (2) are 

 

 









1

11

o 








1

21

o 








2

11

o 








2

21

o 








1

1

1

o









2

1

1

o









1

2

1

o









2

2

1

o

 

Received: 23-09-2022  

Accepted: 03-10-2022 

 

ISSN: 2583-049X 



International Journal of Advanced Multidisciplinary Research and Studies   www.multiresearchjournal.com 

324 

 









1

1

2

2

o

o

o

o









2

2

2

2

o

o

o

o









1

2

2

2

o

o

o

o









1

2

1

2

o

o

o

o









2

1

2

2

o

o

o

o

 
 

 









1

1

1

2

o

o

o

o









1

1

2

1

o

o

o

o









1

1

1

1

o

o

o

o









2

1

2

1

o

o

o

o

 
 

and 

 

 C2,2(q) = 1 + 4q + 17q2 + . . . . 

 

The F-partitions enumerated by C3,2(1) are 
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and those enumerated by C3,2(2) are 
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And  

 

 C3,2(q) = 1 + 9q + 54q2 + . . . . 

 

George E. Andrews (2) has studied extensively the two functions c1,k(n) = k(n) and ck,1(n) = ck(n). The former function 

enumerates the F-partitions of n in which the parts repeat at most k times and the latter enumerates those F-partitions of n in 

which the parts are distinct and are coloured withy k given colours. Andrews (2) has obtained infinite product representations 

for C1,1(q) = 1 (q), c1,2(q) = 2(q), C1,3(q) = 3(q), c2,1(q) = C2(q) and has expressed C3,1(q) = C3(q), c2,1(q) = c2(q)as 

a sum of two infinite products. In this paper we obtain representations of ck,h(q) as sums of infinite products for k = 2, 3 h = 2, 

3 and k = 1, 2, h = 4.  
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2. Preliminary Results: In this paper we prove some results which are needed to obtain representations of Ck,h(q) as sums of 

infinite products for k = 2, 3, h = 2, 3 and k = 1, 2, h = 4. The results obtained based on a particular case of the following 

results of Andrews (3, Lemma 3) :  

 

(2.1) (zq) (zq) (z-1-1) (z-1-1) 

 = Ao(,, q) 



−=


n

nnq
+2

nnz2n 

 - -1Ao (q, , q) 



−=


n

2nq
nnz2n-1, 

 

Where z, ,  are non-zero, |q| < 1 and  

 

(2.2) Ao (, , q) = (-q)
1)( −

q (--1 q;q2) (--1q; q2) . 

 

Choosing  = ,  = 2 in (2.1), where  = exp (2i/3) and observing that 

  

 



=1n (1-q2n-1+q4n-2) = (-q3; q6) / (-q ; q2) 

 

we obtain : 

 

(2.3) 



=on (1+zqn-1+z2q2n+2) (1+z-1 qn+z-2 q2n) 

 

= Ao (q) 



−=


n

nnq
+2

 z2n 

 

= Bo (q) 



−=


n

2nq
 z2n-1, 

 

Where Ao(q) and Bo (q) are defined by 

 

(2.4) Ao(q) = 

 −−

)(

);();( 6322
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(2.5) Bo(q) = 

 −−

)(

);();( 662

q

qqqq

 

 

Remark 1: Equating the constant terms in (2.3) we obtain Andrews’ representation for C1,2 (q) [2, eq (5.11)] . 

For studying various properties of k (n) and ck(n), Andrews (2) makes use of the following General Principle. We state it 

here for convenience, since our discussions are also based on it.  

 

General Principle : If fA (z,q) = fA(z) =  PA (m,n) zmqn denotes the generating function for PA (m,n), the number of ordinary 

partitions of n into m parts subject to the set of restrictions A, then fA (zq) fB(z-1), has as its constant term the generating 

function.  

 A, B(q) = 



=


On A, B(n) qn, 

 

Where A, B(n) is the number of F-partitions 
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in which the top row is subject to the set of restrictions A and the bottom row is subject to the set of restrictions B.  

From the above General Principle it is clear that Ck,h(q) is the constant term in 

 

 



=on (1+zqn-1+ . . . + zhqhn+h)k (1+z-1 qn+ . . . + z-h qhn)k. 

 

http://www.multiresearchjournal.com/


International Journal of Advanced Multidisciplinary Research and Studies   www.multiresearchjournal.com 

326 

Lemma 1: For a > O, b, c integers and |q| < 1,  

(2.6) 
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(after grouping separately terms with n1 even and n1 odd). 
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(on changing n2 to n2 – n1). 

 

If we now use the triple product identity of Jacobi  

 

(2.7) 



−=


n

2nq
zn = (q2;q2) (-qz;q2) (-qz-1;q2) 

 

for z  O and |q| < 1 in the above summations we obtain (2.6) and this proves Lemma 1.  

******** 

 

3. Representations of C2.2(q) and C3,2 (q). 

Theorem 1. For |q| < 1, 
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2

242263222

)(

);();();(



 −−−

q

qqqqqq

 

  

+ 
2

244442622

)(

);();();6();(



 −−−

q

qqqqqqqq

 

 

http://www.multiresearchjournal.com/


International Journal of Advanced Multidisciplinary Research and Studies   www.multiresearchjournal.com 

327 

Proof : From the General Principle we know that C2.2(q) is the constant term in  
  

 


=on (1+zqn+1+z2q2n+2)2 (1+z-1qn+z-2q2n)2. 

 

Squaring (2.2.3) and equating the constant terms, we get  
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If we now use Jacobi’s triple product identity for the two summations in (3.2), we get (3.1) and this proves Theorem 1.  

 

Theorem 2: For |q| < 1.  
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Proof: We know that C3,2(q) is the constant term in  
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Cubing (2.3) and equating the constant terms, we get  
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Where Ao (q) and Bo (q) are defined by (2.4) and (2.5) respectively. If we now use Lemma 1 with a = 2, b = c = O for the first 

series and a = 2, b = -1, c = -2 for the second series on the right-hand side of the equation (3.4), we obtain (3.3) and this proves 

Theorem 2. 

********* 

 

4. Representations of C2,3(q) and C3,3(q). 

To obtain the representations of C2,3(q) and C3,3(q) we first extend Andrews’ lemma (3, Lemma 3). 

Lemma 2. For z, , , , all non-zero and |q| < 1, 

(4.1) 



=1n (1-zqn) (1-zqn) (1-zqn) 
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http://www.multiresearchjournal.com/


International Journal of Advanced Multidisciplinary Research and Studies   www.multiresearchjournal.com 

328 

 X 



−=


n  (-1)3nnnn+2q1/2(3n2+7n)z3n+2 

 

 + q-1 Ao (q, , q) B (, , q3/2, q) 

 

 X 



−=


n  (-1)3nnnn+1q1/2(3n2+3n)z3n 

 

 - q3-1 Ao (q, , q) B (, , q5/2, q)  

 

 X 



−=


n  (-1)3nnnn+2q1/2(3n2+5n)z3n+1 

 

 - q2-1 Ao (q, , q) B (, , q1/2, q) 

 

 X 



−=


n  (-1)3n()n+1q1/2(3n2+7n)z3n+2 

 

Where Ao (, , q) is as defined in (2.2) and  

 

(4.2) B(, , , q) = (q6; q6) (-2Q3;q6) 

 

 X (--1-12q3;q6)(q) 

1−

 . 
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 (after grouping separately terms with n  0, 1, 2 (mod 3)). 
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Corollary 1. For z non – zero and |q| < 1. 

(4.4) 



=On  (1+zqn+1+z2q2n+2+z3q3n+3) (1+z-1qn+z-2q2n+z-3q3n) 
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);();();(
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−

)(

);()( 2

q

qqq

 

 

 =
2

2222

)(

);();(





q

qqqq
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q
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=1n  = (1-q2n) (1-q2n-2) = O 

 

And 
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 −

)(

);();( 26366

q

qqqq

 

 

Substituting these values in Lemma 2, we obtain (4.4). 

 

Remark 2: Equating the constant terms in (4.4), we obtain Andrews representation for C1,3(q) = 3(q). 

Theorem 3: For |q| < 1. 

 

(4.5) C2,3 (q) = 
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36642222

)(

);();();(
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qqqqqq
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6
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2
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2

 (-q-1;q6)(-q7;q6)]. 

 

Proof : From the General Principle it is clear that C2,3(q) is the constant term in 
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Squaring (4.4) and extracting the coefficients of z0, we find 
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Now using Jacobi’s triple product identity for the two summations on the right hand side of (4.6), we obtain (4.5) 

 

Theorem 4. For |q| < 1. 
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 + q8 

− −−−−− );();();();();( 691831815367361 qqqqqqqqqq  

 

 X (-q-3;q6)+ q9(-q24; q18)(-q-6;q18)(-q-12;q6)(-q-6;q6)] 

 

 + 6q2 

−

 −−−−− );();();();();3( 676165626 qqqqqqqqqq  

 

 X [(-q9;q18)

2

 (-q5; q6)(-q;q6) 

 

 + 2q4(-q18;q18)

2

 (-q8;q6)(-q-2;q6)] 

 

Proof: We know that C3,3 (q) is the constant term in  




=On  (1+zqn+1+z2q2n+2+z3q3n+3)3 (1+z-1qn+z-2q2n+z-3q3n)3. 

 

Cubing (4.4) and equating the constant terms, we find  

(4.8) C3,3 (q) = 
9

62322366

)(

);();();(





q

qqqqqq

 

 

 X [(-q3;q6)

6





−=

++

nm

mnnmq
,

)(3 22

 

 

 + q2(-q;q6)

3

 (-q5;q6)

3






−=

++++

nm

nmmnnmq
,

33)(3 22

 

 

 + q8 (-q-1;q6)

3

 (-q7;q6)

3






−=

++++

nm

nmmnnmq
,

66)(3 22

 

 

 + 6q2 (-q3;q6)

2

 (-q;q6)(-q5;q6) (-q-1;q6) (-q7;q6) 

 X 




−=

++++

nm

nmmnnmq
,

2)(3 22
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If we now use Lemma 1 for each of the four series on the right-hand side of (4.8), we obtain (4.7). 

******* 

 

5. Representations of C1,4(q) and C2,4(q). 

To obtain representations of C1,4(q) and C2,4(q) we further extend Andrews’ lemma (3, Lemma 3),. For this we first prove 

a lemma.  

 

Lemma 3. Let z, , , ,  be all non-zero and let |q| < 1. If 

(5.1) S (, , , , z, q) 

 = )(

1

q



−=


m = (-1)3mz3mmmq1/2 (3m2+3m) 

 

 X 



−=


n

]
2

)1(
)1(

+
−

n
qz nnn

 

 

Then 

(5.2) S (, , , , z, q) 

 

 = C (, , , , q) 



−=


n

nnnn zq 8482 2

)( +
 

  

 -q C (, , , q-1, q) 



−=


n

18682 2

)( ++ nnnn zq
 

 

 +2q3 C (,,, q2, q) 



−=


n

28882 2

)( ++ nnnn zq
 

 

 -3q6 C (,,, q3,q) 



−=


n

381082 2

)( ++ nnnn zq
 

 

 +4q10 C (,,, q4,q) 



−=


n

481282 2

)( ++ nnnn zq
 

 

 -4q15 C (,,, q5,q) 



−=


n

581482 2

)( ++ nnnn zq
 

 

 +6q21 C (,,, q6,q) 



−=


n

681682 2

)( ++ nnnn zq
 

 

 -7q28 C (,,, q7,q) 



−=


n

781882 2

)( ++ nnnn zq
 

 

Where 

(5.3) C (,,,,q) = (q12; q12) (-,-3q6q12) 

 X (--1-1-13q6;q12)

1)( −

q
 

 

Proof : Consider 

 

(5.4) S (, , , , z, q) (q) 

 = 



−=


m  (-1)3mz3mmmm

)323(
2/

1 mm
q

+

x




−=








 +
−

n

nnn n
Q

2

1
2)1(
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 = 



−=


m  (-1)3mz3mmmm

)323(
2/

1 mm
q

+

 

 

 X 



−=


n

]
2

)13(
)1( 333

+−
− −−−

mn
qz mnmnmn

 

 

 (on changing n to n – 3m). 

 

 =



−=


n

)1(2/1)1( +− nnnnn qz


−=


m

mnmm q 363 2

)( −−
 

 

 =



−=


n

nnnn qz 4888 2+



−=


m

2)2(63)( nmm q −−
 

 

 - q 



−=


n
z
8n+1


8n+1

q
8n2+6n 

 

 x



−=


m =

)2(3)2(63 2

)( nmnmm q −−−−
 

 

 + q3



−=


n
z
8n+2


8n+2

q
8n2+8n 

 

 x



−=


m

)2(6)2(63 2

)( nmnmm q −−−−
 

 

 - q6



−=


n
z8n+28n+3q8n2+10n 

 

 x



−=


m

)2(9)2(63 2

)( nmnmm q −−−−
 

 

 + q10



−=


n
z
8n+4


8n+4

q
8n2+12n 

 

 x



−=


m

)2(12)2(63 2

)( nmnmm q −−−−
 

 

 - q15



−=


n
z
8n+5


8n+5

q
8n2+14n 

 

 x



−=
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)2(15)2(63 2

)( nmnmm q −−−−
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 - q28



−=


n
z
8n+8


7n+7

q
8n2+18n 

 

 X 



−=


m

)2(21)2(63 2

)( nmnmm q −−−−
 

 

(by grouping separately terms with n  r (mod 8), where r = 0, 1, . . . ., 7). 

If we now change m to m + 2n and use Jacobi’s triple product identity in we obtain (5.2). This proves Lemma 3. 

 

Lemma 4. For z, , , ,  all non – zero |q| < 1. 

(5.5) 



=1n (1-zqn) (1-zqn) (1-zqn) (1-zqn). 

 

 X (1-z-1-1qn-1) (1-z-1-1qn-1) (1-z-1-1qn-1) (1-z-1-1qn-1)  

 

 = S (, , , , z, q)  

 

 x [Ao (, , q) B (, , , q) + q-1Ao (q, , q) B (, , q3/2, q)] 

 

 = S (, , , , z, q)  

 

 x [qzAo (, , q) B (, , q, q) – q3-12zAo (q, , q) B (, , q5/2, q)] 

 

 + S (, , , , z, q) x [qyzA0(, ,Q) B(, ,Q,Q) – Q3-12ZA0 (Q, , Q) B(, , Q5/2, Q)] + S (Q2, , , , Z, Q) 

 

 x [q32z2Ao (, , q) B (, , q2, q) – q2z2zAo (q, , q) B (, , q1/2, q)] 

 

Proof : Using Lemma 2 and Jacobi’s triple product identity, we find  

 

(5.6) 



=1n  (1-zqn) (1-zqn) (1-zqn) (1-zqn)  

 

 X (1-z-1-1qn-1) (1-z-1-1qn-1) (1-z-1-1qn-1) (1-z-1-1qn-1) 

 

 = )(

1

q  [Ao (, , q) B (, , , q) 
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−=
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2/1
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−=


n

]
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)1(
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+
−

n
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 + )(

1

q  [qAo (, , q) B (, , q, q) 
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−=
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)323(
2/1
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−=


n

]
2

)1(
)1(

+
−

n
qz nnn

 

 

 + )(

1

q  [q3Ao (, , q) B (, , q2, q) 

 

 X 



−=
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z3m+2
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]
2

)1(
)1(

+
−

n
qz nnn
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q  [q-1Ao (q, , q) B (, , q3/2, q) 

 X 
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)323(
2/1
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 + )(

1

q
 [q3-1Ao (q, , q) B (, , q5/2, q) 

 

 X 



−=


m  (-1)3mmmm+2

)523(
2/1

mm

q
+

z3m+1



−=


n

]
2

)1(
)1(

+
−

n
qz nnn

 

 

 - )(

1

q
 [q2-1Ao (q, , q) B (, , q1/2, q) 

 X 



−=


m  (-1)3m()m+1

)723(
2/1

mm

q
+

z3m+2



−=


n

]
2

)1(
)1(

+
−

n
qz nnn

 

 

Lemma 4 now follows if we observe that the first series product on the right-hand side of (5.6) is S (, , ,, z, q), the second 

is S (q,, ,, z, q) and so on.  

Using Lemma 3 and 4 we obtain the Leurent expansion of the product (5.5) which we state it in the following lemma.  

 

Lemma 5. For z, , , , all non-zero and |q| < 1.  

(5.7) 



=1n  (1-zqn) (1-zqn) (1-zqn) (1-zqn)  

 

 X (1-z-1-1qn-1) (1-z-1-1qn-1) (1-z-1-1qn-1) (1-z-1-1qn-1)  

 

 = A1



−=


n  (,, ,)2n
nZ

nn
q 8

428 +

 

 

 + A2



−=


n  (,, ,)2n

18628 ++ n
z

nn
q

 

 

 + A3



−=


n  (,, ,)2n

28828 ++ n
z

nn
q

 

 

 + A4



−=


n  (,, ,)2n

381028 ++ n
z

nn
q

 

 

 + A5



−=


n  (,, ,)2n

481228 ++ n
z

nn
q

 

 

 + A6



−=


n  (,, ,)2n

581428 ++ n
z

nn
q

 

 

 + A7



−=


n  (,, ,)2n

681628 ++ n
z

nn
q

 

 

 + A8



−=


n  (,, ,)2n

781828 ++ n
z

nn
q

 

 

Where 

 

 A1 = E1C (,, ,,q) - -2 -2-25q16 E2C (q,, ,q7,q) 

+ -2 -2-24q9 E3C (q2,, ,q6,q) 

 A2 = -qE1C (,, ,q-1,q) + E2C (q,, ,,q) 

 

--2 -2-25q14 E3C (q2,, ,q6,q) 
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 A3 = 2q3E1C (,, ,q2,q) -qE2C (q,, ,q-1,q) 

   

+ E3C (q2,, ,,q) 

 

 A4 = -3q6E1C (,, ,q3,q) -2q3E2C (q,, ,q2,q) 

 

-qE3C (q2,, ,,q-1, q) 

 

 A5 = 4q10E1C (,, ,q4,q) -3q6E2C (q,, ,q3,q) 

   

+ 2q3E3C (q,, ,q2, q) 

 

 A6 = -5q15E1C (,, ,q5,q) + 4q10E2C (q,, ,q4,q) 

 

-3q6E3C (q2,, ,q3, q) 

 

 A7 = 6q21E1C (,, ,q6,q) -5q15E2C (q,, ,q5,q) 

   

+ 4q10E3C (q2,, ,q4, q) 

 

 A8 = -7q28E1C (,, ,q7,q) -6q21E2C (q,, ,q6,q) 

  

-5q15E3C (q2,, ,q5, q) 

 

And 

 

 E1 = Ao(,, q) B (,, ,q) + q-1Ao (q,, q) B (,,q3/2,q) 

 

 E2 = qAo(,, q) B (,, q,q) - q3-12Ao (q,, q) B (,,q5/2,q) 

 

 E3 = q32Ao(,, q) B (,, q2,q) - q2Ao (q,, q) B (,,q1/2,q) 

 

The method adopted in obtaining representations of C2,2(q), C3,2(q), C2,3(q) and C3,3(q) can now be used to get the 

expressions (stated in the following theorem) of C1,4(q) and C2,4(q) as sums of infinite products. 

 

Theorem 5. For |q| < 1. 

 

(5.7) C1,4(q) = 
3

121266

)(

);();()(



−

q

qqqqq

 

   

X (-4q6;q12) (-q6;q12) 

 

[(-4q;q2) (-q;q2) (-2q3;q6) (-3q3;q6) 

 

+ q (4q2;q2) (-;q2) (-2;q6) (-3q6;q6)] 

   

- 3q16 (-2q7q12) (-3q5;q12) 

 

X [3q (-4q;q2) (-q;q2) (-2q;q6) (-3q5;q6)] 

 

- 4q3 (-4q2;q2) (-;q2) (-2;q-2;q6) (-3q8;q6)] 

 

+ 4q9 (-2q8;q12) (-3q4;q12) 

 

x [q3 (-4q;q2) (-q;q2) (-2q-1;q6) (-3q7;q6) 

 

- 4q2 (-4q2;q2) (-;q2) (-2q2;q6) (-3q4;q6)] 

(5.8) 

232162

1

2332

4,2 );([);()(  −= qqBqqqC
 

 

+ 2q-10 B2B8(-q20;q32) (-q12;q32) 
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+ 2q-8 B3B7(-q24;q32) (-q8;q32) 

 

+ 2q-6 B4B6(-q28;q32) (-q4;q32) 

 

= 2q-4 B

2

5 (-q32;q32) 

2

 ], 

 

where B1,…,B8 are the values of A1,…,A8 (defined in Lemma 5) at  = ,  = 2,  = 3 and  = 4 with  = exp (2i/5) 
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