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Abstract

In this paper we study the partition function c¢xn(n), the
number of generalised Frobenius partitions of n with k
colours and h repetitions. This provides a common
generalisation of the two functions cix(n), and cék(n) of
George E. Andrews. In particular, we develop a method
leading to representations of all the generating functions of
cdwn(n) as sums of infinite products.

We also obtain the Hardy — Ramanujan — Rademacher series
for crn(n) on the lines of L. W. Kolitsch. The existence of

Keywords: Frobenius Partitions, General Principle

such series for cik(n) and cowi(n) was asked for by
Andrews and later obtained by Kolitsch.

Finally, we extend the results on g-binomial coefficients and
g-series representation of Andrews to our function céwn(n).
Andrews has established the two congruences c¢12(5n+3) =
Ch21 (B5n+3) = O (mod 5). We show that the analogous
congruence cdz,2 (5n+3) = O (mod 5) is false for n = 2. We
also study generalised Frobenius partitions with some
restriction on its parts.

1. Introduction

A generalised Frobenius partition or simply an F-partition of a positive integer n is a two-rowed array of non-negative integers.

. . . . n
Where each row is arranged in non-increasing order and

=r-¢-£l (ai + by)

. Let cdin(n) denote the number of those F-

partitions of n in which each part is repeated at most h times and is taken from k copies of the non-negative integers which are
ordered as follows : mi< nj if m < norif m =n and i< j, where i and j denote the copy of the non-negative integers. cdwxn(n) is
called the number of F-partitions of n with k colours and h repetitions.

Let cokn(q) be the generating function of c¢wn(n) so that

drn(q) = Z“ chwn(n) q°

For example, the F-partitions enumerated by c¢» (1) are

e ())

And those enumerated by c¢»2 (2) are

2GR
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0, 0, 1(0; 0, 0; 0, 0; 0, 0, 0
0, 0, )\0; 0, 0, 0, 0, 0y 0, 0,
0,0)(0, 0,}(0, O 0 0
0, 0, )\ 0, 0, J\0; 0,)\0; O,

and
Choo2(q)=1+4q+17g°+....

The F-partitions enumerated by Cds2(1) are

)G

and those enumerated by Cds2(2) are

EEEEEE
Nk

03 0; | (0, O 0; O 0; O3 0; O3

And

Chs3,2(q) =1+9g+54q%+....

J

J
RIS
)

o1 01

01 01

02 02 03 03 03 03 Ol Ol 01 Ol Ol Ol
03 03 01 Ol 02 02 03 02 02 C)1 03 01
0,0,)(0,0)(0,0)(0,0,)(0,0,)(0, 0

01 01 01 01 Ol 01 03 02 02 ol 03 Ol
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George E. Andrews (2) has studied extensively the two functions cd1x(n) = ¢k(n) and cr1(n) = cox(n). The former function
enumerates the F-partitions of n in which the parts repeat at most k times and the latter enumerates those F-partitions of n in
which the parts are distinct and are coloured withy k given colours. Andrews (2) has obtained infinite product representations
for Co1.1(a) = 1 (9), Ch12(q) = p2(d), Cr3(d) = ¢s(a), ch2.1(q) = Ch2(q) and has expressed Chs,1(q) = Chs(q), C¢21(q) = cH=(a)as
a sum of two infinite products. In this paper we obtain representations of cdw(q) as sums of infinite products fork =2, 3 h =2,

3andk=1,2,h=4
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2. Preliminary Results: In this paper we prove some results which are needed to obtain representations of Cdxn(q) as sums of
infinite products for k = 2, 3, h = 2, 3 and k = 1, 2, h = 4. The results obtained based on a particular case of the following
results of Andrews (3, Lemma 3) :

(2.1) (zag)= (2BA) (210w (211

> n2+
— Ao(OL,B. q) n=—o0 q aanZZn

S 02
- B—le (th, B! q) n=—w0 q OL”B"ZZH'I,

Where z, a, B are non-zero, |g| < 1 and

(22) Ao (o, B, 6) = (-0)= @ (-0p? q:0D) (-0 B @)

Choosing a. = o, B = ®? in (2.1), where o = exp (2ri/3) and observing that

Ma-gteq) = (% ¢7) /(05 o)

we obtain .

e e 7 ) (147 'z o)

0
2+n

DI
— AO (q) n=—o0 q ZZn

[e¢)

Y qn?
- Bo (q) N=—0 q ZZn—l,
Where Ay(q) and B, (q) are defined by

(-9%9%).,.(=9%a%),
(2.4) Ao(0) = @

(-a:9").. (0% "),
(25)Bo(q)= (.
Remark 1: Equating the constant terms in (2.3) we obtain Andrews’ representation for C$1,2 (q) [2, eq (5.11)] .

For studying various properties of ¢k (n) and cdx(n), Andrews (2) makes use of the following General Principle. We state it
here for convenience, since our discussions are also based on it.

General Principle : If fa (z,q) = fa(z) = Z Pa (m,n) zZ"q" denotes the generating function for Pa (m,n), the number of ordinary
partitions of n into m parts subject to the set of restrictions A, then fa (zq) fs(z'%), has as its constant term the generating
function.

0

)y
ba,8(0) = "O ¢a8(n) ",

Where ¢a, g(n) is the number of F-partitions

a .. a

b, .. b
in which the top row is subject to the set of restrictions A and the bottom row is subject to the set of restrictions B.
From the above General Principle it is clear that C¢xn(q) is the constant term in

1n‘—;!(1+zq“'1+ R AL L) LY G Aco LS Ao LD L)
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Lemma 1: Fora> O, b, c integers and |q| < 1,

o0
> a(nZ+n3+mn,)+bn, +cn,

(2.6) Ny ,N, =—0 q
- (qsa; qBa)oo (_q3a+2b-c;q6a)Oo (_an-2b+c; qea)oo
X (0% 0% (-0 0% (-q7; 4%
+ qa+b (qea; qBa)oo (_q6a+2b-c;q6a)Oo (_q-2b+c; qea)oo
X (0% 0% (-0°°%; 020 (075 4)-e
Proof : Consider

o0

by a(n?+n3+nn,)+bn, +cn,
Ny,Ny =—0 q

o0 0
Y 4an?+2bn; Y a(n3+2n;n,)+cn,

= Nj=—» q N, =—x0 q
o0 00
Y ~a(4n?+4n, +1)+2bn+b > a(n2+2n;n,) +an,+cn,

+ m— n,——

(after grouping separately terms with n; even and n; odd).

0 o0

> 3an?+(2b—c)n, X a(ny+n;)2+c(ny+n;)
= Mm=-0 q n2=-—w q

0 o0

Y 3anZ+(3a+2b—c)n, >
n2=-w q

a(n,+n;)2+(a+c)(n,+n;)
+ qa+b n=—o0 q

0 o0

Y 3an?+(2b—c)n, X anZ +cn,
= Mn=—0 q n2=-—oo q

0 o0

Y 3an?+(3a+2b—c)n, >
n2=-w q

an22 +(a+c)n,
+ qa+b n=—o© q

(on changing nz to nz — ny).

If we now use the triple product identity of Jacobi
g q n?

@7) "= 0 2= (0509« (-0z,9%)= (-027H0%)-

for z= O and |g| < 1 in the above summations we obtain (2.6) and this proves Lemma 1.
*khkkhkkhkhkhkikk

3. Representations of Cé22(q) and Céds2 ().
Theorem 1. For |q| < 1,

(—9%;9%)3 (-a%a%) (—a9*;9*)?
(3.1) Ca(0) = @

2q (=9;9°)2 (—96;9°)2 (Zq“:q“)oo (—a*;a%2
+ (@2
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Proof : From the General Principle we know that C$2.2(q) is the constant term in

H(1+an+l+zzq2n+2)2 (1+Z‘1q"+2'2q2")2.

Squaring (2.2.3) and equating the constant terms, we get

o0
2n?-2n+1

X on? 2 X
(32) Choz (0) = Ao (@27~ A" T Bo(A)” n%q
If we now use Jacobi’s triple product identity for the two summations in (3.2), we get (3.1) and this proves Theorem 1.
Theorem 2: For |q| < 1.

(=9%9%)3 (=9%9°)3 (@*0%)..(a%;q%).,
(3.3) Caalq) = (@-

X[(—a%a9)% (—a9%9")2 +49” (—9%;9%)2 (—9*;9%)2 ]

6 (—a%9%)2 (—a%9°)Z (a4;9%)2 (—a%9°)2 (@*;a*).. (a%;9),.
N (a2

X[(=9%9%)2 (—a*;9")% +a(—a;0)% (—9%;9%)2 ]

Proof: We know that C¢s2(q) is the constant term in

o

I'l

no (1+an+1+22q2n+2)3 (1+Z'1q“+2‘2q2“)3_

Cubing (2.3) and equating the constant terms, we get

o0
nZ+n3+nn,)

>
(3.4) Cds2 (q) = Ao ()32 :_Oqu(

o0
> 2(nZ+nZ+nny)—n;—2n, +1

+ 3Ao(q)Bo(q)2 ™ o I

Where A, (g) and B, (g) are defined by (2.4) and (2.5) respectively. If we now use Lemma 1 with a =2, b = ¢ = O for the first
seriesand a= 2, b = -1, ¢ = -2 for the second series on the right-hand side of the equation (3.4), we obtain (3.3) and this proves

Theorem 2.
*khkkhkkkhhhkik

4. Representations of C¢2,3(q) and C¢s3(q).
To obtain the representations of Cd2,3(q) and Cdz3(q) we first extend Andrews’ lemma (3, Lemma 3).
Lemma 2. For z, a, f3, v, all non-zero and |q| < 1,

(4.2) M1z (1-2Bo") (1-2vq")
X (1_2-1a—1qn—1) (1_2-1[3—1qn-1) (1_2»1,Y-1qn-1)

z
=Ao (o, B, a) B (o B, v, @) "= (-1)*a"BMyqY2(3n7+3n)z*"

+q Ao (o, B, ) B (o, B, va, 9)

> (%3n2+5n)
X n=—o (_1)3naanyn+lQ Z3n+1

+0° Ao (o, B, ) B (ar, B, Y02 Q)
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0

)
X nh=— (_1)3nanﬁnyn+2ql/2(3n2+7n)z3n+2

+ qu AO ((Xq, Br q) B ((X, Br Yq3/2! q)

o0

z
X N=—» (_1)3nanﬁnyn+1ql/2(3n2+3n)z3n

- qgﬁ-l Ao ((Xq, B’ q) B (a’ ﬁ’ quIZ! q)

o0

z
X N=—» (_1)3nanl3nyn+2ql/2(3n2+5n)z3n+1

- qZB-l AO ((lq, B’ q) B ((X, B’ qu' q)

0

by
X N=—» (_1)3n(aBY)n+1q1/2(3n2+7n)z3n+2

Where A, (o, B, q) is as defined in (2.2) and

(4.2) B(o, B, v, @) = (9°% 9°) (-0py?Q% %)=

-1
X (o B y%0%0%(q) @ .

Proof : By Andrews’ lemma (identity (2.1) and Jacobi’s triple product identity, we find

(4.3) (1-zaq") (1-zBa") (1-zvq")

X (1_2-1a—lqn—l) (1_2-1B—1qn-1) (1_2»1,Y—1qn—1)

i (ql) ;§ qN2+N aNﬁNZZN =§ (_1)nzn}/nq (n+1)
- on(a’B'q)Nm n=-
-1 z + n n n n+1
_ (ﬁ)w Ao (00, B, Q) NinZ N o gt 2 (-D)"z (n+1) . )
Consider
L0 g & CreatsD
(n—2N +1)

2 2 2 n— n— n—
) sz%qN +NaNﬁNZZN nzz% (=N znEN g

2

Z(_l)nznynql/Z(n +n) za ﬂN -2N 3N 2nN

Z( 1)3n 3n 3n 1/2(9n +3n) Za ﬁN -2N 3N 6nN

Z( 1)3n+1 3n+1 3n+l 1/2[(3n+1) +(3n+1)]

www.multiresearchjournal.com
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Za BV Mg —2N@n+1)

i (_1)3n+2 23n+27/3n+2q1/2 [ (3n+2)2+(3n+2)]

+ N=—x©

- 2_
Z(Z IBN 2N 3N 2N(3n+2)

X N=—o

(after grouping separately terms with n =0, 1, 2 (mod 3)).

o0
z
— n=—0

( 1)3n23n an,Y q1/2 (3n2+3n)

©

z
X N=—=o OLN-nBN-n,Y—Z(N—n) q3 (N_n)z

0

hX
+ q n=—o0 (_1)3n+1z3n+laanyn+lq1/2 (3n2+5n)

z
X N=—o OLN-nBN-n,Y—Z(N—n) q3 (N_n)z _Z(N_n)

0

z
+ q3 n=—o0 (_1)3nz3n+2(ann,Yn+1q1/2 (3n2+7n)

0

)y
X N=-c0 0LN-nBN-n,Y—Z(N—n) q3 (N_n)z -4(N—n)
= (0% 0)=(-ay?d% 6= (- B0 %)

o0

>
X n=—o (_1)3naan,Yn+1q1/2 (3n2+3n)23n
+9 (0% 9%)=(-aBya; 4% (-a*BY20°; °)eo

0

)
X N=- (_1)3n+1aanyn+1q1/2 (3n2+5n)23n+1

+0° (0% 9%)=(-aBy?a™; 0% (- 'By?q7; )0

0

=Z 3n,,NRN,N+2, i
X== (1) q

, (3n%+7n)

(on changing N to N + n and using (2.7)).

Lemma 2 now follows if we observe that

v N2 " yng N+
Niﬂq aNﬁNZZN -1 Z (-D"z >
- (n+1)
( 1)[1 n n
:Z'l sz—ooq (a/q) ﬁN 2N Z 2
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Corollary 1. For z non — zero and [q| < 1.
(44) n=0 (1+Zqn+l+22q2n+2+23q3n+3) (1+Z—1qn+z—2q2n+z—3q3n)

(@%0%)..(9;9%)% (9°%9°)..
_ (@

0

DY
X [(_q3; qG)m n=—0 q1/2(3n2+3n)z3n'

x
+q (_q; qG)w(_qS; qG)OO n=—w0 q1/2(3n2+5n)z3n+1
x
+ q3 (-Q'l; qG)w(_q7; q6)OO n=—o q1’2(3n2+7n)z3”+2].

Proof: We have

(-9).. (@;9°),,

A= @
(a*;9%), (4,952
_ (@)
i(-0), =
iA (iq, -1, q) = (@).. ln_:! = (1-¢?" (1-g"2) = O
And
(@%0°), (-a%;9°)3
B (i, -i, -1, g) = (9).,

Substituting these values in Lemma 2, we obtain (4.4).

www.multiresearchjournal.com

Remark 2: Equating the constant terms in (4.4), we obtain Andrews representation for C¢1,3(q) = ¢3(q).

Theorem 3: For |g] < 1.

@%9%)2 (a;9%)%(0%9°%)2
6
(45) iz (6) = (@)

6 2 2
X [(-0%0%) *+ 20%(-0;9°) * (-%0%)* (-9750%)(-0":0°%)=].

Proof : From the General Principle it is clear that C¢23(q) is the constant term in

g (1+Zqn+1+22q2n+2+23q3n+3)2 (l+z-1qn+z-2q2n+z—3q3n)2
Squaring (4.4) and extracting the coefficients of z° we find
(@*:9°)2 (4:0°)2(a%;a°)%
6
(46) Chus(d) = (@
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. Zq3n2

X[(-q%q%) = "=

ke 2
3n°+2n-2
>q

+20* (-0;0°)=(-9%9%- (-7 6%)(-0",0%) "= ]
Now using Jacobi’s triple product identity for the two summations on the right hand side of (4.6), we obtain (4.5)
Theorem 4. For || < 1.
(9%:9*)3(a;9°)5.(a%a°)s (@°;9™)..
- (@):
(4.7) Chss(q) = *

x (=6%0°)2 (—9”;9™)2 (-0%0°)2 +49° (-9"%;9)2 (—9°:9°).. ]
+ a2 (=a%0%)% (=97:a%).. (-0%9").. (-9%:a°):]
+0° (-0750")=(-0%; 9*)(-0%0%)(-9%0%)-=
s (-a750%)% (070 (-0 0®). (-9%97)., (-9 a°)..
X (-0%0%)0+ 4°(-0%; 4*8)e(-07%08)o(-07%,0%)(-0%;0°)cc]
+6q2(-93:9°)% (-0:0°).. (-9%:0°).. (-97:0°).. (-97:0°)..
2
X [(-0%a*)* (-0°% 9°)=(-0;°%)--
2
+20%(-0"%0") * (-9%0°)=(-a%0°)-]
Proof: We know that C¢s,3 (g) is the constant term in
g (l+zqn+1+22q2n+2+23q3n+3)3 (1+Z-1qn+z-2q2n+z-3q3n)3.
Cubing (4.4) and equating the constant terms, we find
@%9°)3(a%9%)3 (a:9°):,
9
(48) Caa (@) = @)..

< 3(m2+n2+mn)
i 2.0
X [(-0%g®) o mn=—

: . iqs(m2+n2+mn)+3m+3n
+0%(-0;9%) * (-9%9®) = ™=

3 ] iqS(m2+n2+mn)+6m+6n
+ q8 (_q-l;qG) o (_q7;q6) o M,N=—o0
2
+ 602 (-6%9°) * (-0;0°)=(-0%0%)- (-97:0%):0 (-97;0°)-0
iqS(m2+n2+mn)+2m+n

X Mmn=-o
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If we now use Lemma 1 for each of the four series on the right-hand side of (4.8), we obtain (4.7).
*kkkkkik

5. Representations of C¢1.4(q) and Céd2.4(q).
To obtain representations of C$1,4(q) and C¢2,4(q) we further extend Andrews’ lemma (3, Lemma 3),. For this we first prove
a lemma.

Lemma 3. Let z, o, B, y, 0 be all non-zero and let |g| < 1. If
(6.1) S (o B, v, 0,2,0)
1

@ =
= (q)oo m:—oo:(_l)SmZSmamBmyqllz (3m2+3m)
n+1
: (orzag™ )
X n==e 2

Then
(5.2) S (o, B, v, 9,2, Q)

o0

—Ca g @A)

8n2+4n 8n

2n ~8n2+6n ,8n+1

>
-9 C (a, B, v, 8%, @) = (aBr0)™q z

0

2n 8n +8n,,8n+2
+6? SC(OCBYaq q)n—oo(aﬂya) z

o0

2n 8n +10n ., 8n+3
-63 GC((XB'Y,aq q)n—oo(aﬂ?a) z

0

2n 8n?+12n_,8n+4
+o* 1OC(0L B’Y aq q) n —0 (aﬂ;'a) z

e'e]

_64 50 (a B , aq q) R (aﬂw)Zn 8n? +14n28n+5

2n 8n?+16n_,8n+6
+66 21C((1 B’y' aq q) n —00 ((Zﬂ}/@) z

e'e]

-87 ” c (a By, aq q) = (aﬂ?/@)Zn 8n? +18n28n+7

Where
(5.3) C (au,B,7,0,9) = (9% 9*) (-0, Bv°0°q™)

X (_Ot—ll‘))-l,ydanG;qu)OO (q)g_o
Proof : Consider

(5.4) S (o, B, v, 0,2, 9) (@)~

© "0 n+1
> 1 (3m2+3m) 2(1)26 ( 2)

= M=—0 (_1)3mz3mam[3mqu 12 X N=—©
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o0

3 1 (3m2+3m)
= Mm=—x (_1)3mz3mamBmqu 12

n-3m+1
1) n-3m Z n—3man—3mq ( )

s (- )
X N=—0
(on changing n to n — 3m).

nzz_m ( l)n nanq1/2n (n+1) mzz_w (aﬁw_3)m 6m2—3mn

0 o0

) nzz_w ZSnaan8n2+4n m:Z_oo (aﬂyﬁ_3)m qG(m—Zn)2

0

- n=—co _8n+1_8n+1 8n2+6n
q z 0 g

— — 2_ —
Xm s (aﬂy@ 3) q6(m 2n)°-3(m-2n)

o0

+ q3 n=—co Z8n+268n+2an2+8n

o (aﬁya—s)m 6(m-2n)?-6(m-2n)

0

>z
- 8 "= ,8n+258n+3,8n%+10n

e (aﬂya—E.)m 6(m-2n)2-9(m-2n)

o0

+ qlo n=—0 Z8n+488n+4qz3n2+12n

e ((Zﬁ]f@_g)m 6(m-2n)%-12(m-2n)

o0

_ 15 n=—0 _8n+5_8n+5 8n2+14n
q z 0 g

e (aﬁy@‘3)m 6(m-2n)%-15(m-2n)

o0

+ q21 n=—o0 Z8n+608n+6q8n2+16n

0

-3 6(m-2n)-18(m-2
x e (@y0 )P e
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o

_ (28 n=—0 _8n+8.7n+7 8n2+18n
q z 0 g

« mio (aﬁy@fg)m qG(m—Zn)z—Zl(m—Zn)

(by grouping separately terms with n =r (mod 8), wherer=0,1,....,7).
If we now change m to m + 2n and use Jacobi’s triple product identity in we obtain (5.2). This proves Lemma 3.

Lemm‘g 4. For z, a, B, y, 0all non—zero|q| < 1.
655) M (1-za0n) (L-2pan) (Lzv) (1-za)

X (L-ztatq™) (1-27'pa™) (L-zyiq™) (L-z7og™)
=S (o, B, v, 0,2,0)
X [Ao (o, B, @) B (at, B, v, 0) + 4B Ao (aq, B, ) B (e, B, ya** 0)]
=S (o, B, v, 0,2,0)
x [avzAq (o, B, 4) B (ot, B, 70, 4) — &°B™v°ZA, (ad, B, 0) B (o, B, v9°2 0)]
+S (o, B, v, 9, 2, ) x [ayzAo(e,, B,Q) B(ar, B.¥Q,Q) — Q*B™?ZA0 (aQ, B, Q) B(a, B, YQ¥2 Q)] + S (2Q? B, v, 8, Z, Q)
X [0*°2%Ao (o, B, Q) B (ot, B, v0P, 0) — Poryz’zAo (aud, B, 0) B (a, B, vq¥ 0)]
Proof : Using Lemma 2 and Jacobi’s triple product identity, we find
5.6) M (L-za) (2P (L2 (1-200")

X (1_2-1a-1qn—1) (1_2-1[3—1qn-1) (l-Z'ly'lqn'l) (1_2-16-1qn-1)

1
=@ [A; (o, B, 9) B (o, B, 7, 0)

© 0 nonAn (n+l)
> 1/2(3m2+3m) 3 (—1) "0 q 9 ]
X M=—© (_1)3mamBmYm 23m N=—o0
1
+ @ [gA (o, B, ) B (e, B, v0, 0)
© © n_nAan (n+1)
3 1/2(3m2+3m) 3 (_1) 70 q 5 ]
Xm=m (_1)3mam[3mym+1q Z3m+1 N=—o0
1
+ (@ [q3A0 ((X, Bi q) B ((X, Bl Yqz! q)
© © nonAn (n+1)
3 1/2(3m2+7m) 3 (—l) "0 q 2 ]
X m=—0 (_1)3mamﬁm,qu Z3m+2 n=—0
1
+@- [qpA, (aq, B, q) B (o1, B, v9*2 )
© o nonAn (n+1)
> 1/2(3m2+3m) > (_1) "0 q 2 ]
x m=—0 (_1)3mam[3m,ym+1q ZSm N=—o
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1

+ (a). [*B A, (aq, B, ) B (o, B, 92, q)

© 0 n,nAn (n+1)
5 yeee 3 (D207 ]
X m=—0 (_1)3mamBm,Ym+2q Z3m+1 n=—o0
1
(). [a°B™Aq (g, B, 4) B (ot, B, va™, 0)
0 0 n,nAan (n+l)
3 1/2(3m2+7m) 3 (—1) "0 q 9 ]
X m=—» (-l)Sm((XBy)m+lq 23m+2 n=—o0

Lemma 4 now follows if we observe that the first series product on the right-hand side of (5.6) is S («, B, v,9, Z, Q), the second
is S (aq,B, 7,0, Z, ) and so on.
Using Lemma 3 and 4 we obtain the Leurent expansion of the product (5.5) which we state it in the following lemma.

Lemma 5. For z, a, B, v,0 all non-zero and |q| < 1.
6.7) M (1-zaq") (1-2Ba") (1-2yq) (1-2097)

X (1_Z-la—lqn—l) (1_Z-lB—lqn-l) (1_2—1,Y—1qn—1) (l_z—la—lqn—l)

Z q8n2+4n 8n
— Al n=—c0 (a,B, y,a)Zn

0
> 8n2+6n_8n+l

+ A= (OL,B, ,Y,a)Zn q

o0
Z 8n2+8n _8n+2

+ A= (OL,B, ,Y,a)Zn a

0
> 8n%+10n_8n+3

+ A= (0B, 7,0)7

o0
Z 8n2412n 8n+4

+ Ag = ((’va’ y,a)Zn 4

o0
> 8nZ+14n_8ns5

+ Ag =" ((’va’ y,a)Zn 4

0
> 8n2+16n_8n+6

+ Ay =0 ((’va’ y,a)Zn 4

o0
Z 8n2+18n 8n+7

+ Ag =" ((’va’ y,a)Zn 4
Where
A1 = EiC (B, v,0,0) - o?B 2y26°q° E2C (0B, v,09",9)
+ a? %y20°q° EsC (ag®,B, 1,00°%,0)
Az = -0qE1C (0B, v,09%,0) + E2C (aq,p, v,0,0)

-a B y?0°q™ EsC (ag?,B, v,09°,0)
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As = 0°G°EC (ou,B, 1,00%,0) -00E2C (09,8, v,00™,0)
+ EsC (09,8, 1,0,0)
A4 = -0°0°E1C (au,B, 1,00%0) -0°9°E2C (0q,B, v,09%,0)
-0qEsC (a0, v,0,97, q)
As = 0*q"E1C (B, ,09%,0) -0°0°E2C (0q,B, v,00°,0)
+ 0%0°EsC (a,B, 1,007, 1)
As = -0°0E1C (o, B, 7,09°,0) + 0*q"E2C (aq,B, v,69%0)
-0°q°EsC (o B, 1,00 0)
A7 = 0°*E1C (B, ,09°0) -6°0"°E2C (auq,B, 1,00°,0)
+ 0'q"°EsC (a0, v,00°, Q)
Ag = -0"0”E1C (B, v,097,0) -0°*E2C (aq,B, ,09°0)
-0°q"°EsC (a0, v,00°, Q)
And
E1 = Ao(a,B, 0) B (B, ,0) + aB™vAo (aq,B, ) B (oB,¥q%%,0)
E2 = qyAs(a.,B, 0) B (o,B, v9,0) - &°By°As (0q,B, 9) B (., B,v9%%,0)
Es = ¢**Ao(a,B, 0) B (a.B, v6%,0) - GPoryAo (aq,B, ) B (onB,9"2,0)

The method adopted in obtaining representations of Cd22(q), Cds2(q), Ch23(q) and Cdss(q) can now be used to get the
expressions (stated in the following theorem) of C¢1.4(q) and Cd2.4(q) as sums of infinite products.

Theorem 5. For |q] < 1.

(—9)., (@%9°).. (a"%;9"),,
(5.7) Cra(c) = (@)

X (-0'%0")= (-00°%0")=

[(-0'0:0%)- (-0q;0%)> (-0’%0°)= (-0’q%e%)-

+ of (0'0%0%)= (-0;,0%)= (-0%0%)- (-0°0%q°)=]

- 0% (020G (0%0%0)

X [0°q (-0'0;0%)- (-00,9%)= (-0*0;0%)- (-0°0%q°)-]

- o' (0407 (0,07 (07070 (0°0%a°)]

+ 0't” (0’0%g")- (-0°q"q)-

X [00* (-0'0;0%)- (-00;0%)» (-0’q™%g°%)= (-0°q"q°)=

- 0°? (-0°0%0%)» (-0;0%)» (-0%q%0%)» (-0’q%0°%)-]
5.5 CPes @=(7307), [B] (-a707):

+ 2070 B2Bs(-0%%,0%)- (-9'2:0%2)-
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+ 207 BsBr(-q*4,0%)-» (-0%10%)=
+ 207 BaBo(-q7%0%)» (-0"0%)=

2 2
=29-4 B® (-9°%0%) *],

where B1,...,B8 are the values of Al,...,A8 (defined in Lemma 5) at o. = @, B = ®?, ¥ = ©® and 0 = o* with © = exp (2ri/5)
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